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Introduction

Al-Salam started the fitting of the concept of q-fractional calculus. After that

he ([12],[13]) and Agarwal [?] continued by studying certain q-fractional inte-
grals and derivatives.Recently, perhaps due to the explosion in research with

in the fractional calculus setting, new developments in this theory of fractional

q-difference calculus were made specifically,

There are two types of quantum calculus: the q-calculus and the h-calculus.

In this paper we are concerned with the q-calculus. the q-calculus based on the

notion of the q-derivative
f(qx)− f(x)

x(q − 1)
,

where q is a fixed number different from 1, x 6= 0 and f is a real function. In

contrast to the classical derivative, which measures the rate of change of the

function of an incremental translation of its argument, the q-derivative measures

the rate of change with respect to a dilatation of its argument by a factor q. It

is clear that if f is differentiable at x 6= 0, then

f ′(x) = lim
q→1

f(qx)− f(x)

x(q − 1)
,

for a fixed q ∈]0, 1[ and x 6= 0 the q-symmetric derivative of a function f at point

t is defined by
f(qx)− f(q−1x)

x(q − q−1)
,

the q-symmetric derivative has important properties for the q-exponential func-

tion which turns out to be not true with the usual derivative.

The basic theory of q-symmetric quantum calculus needs to be explored. The

object of this paper is to define a fractional q-symmetric operator corresponding

to the q-symmetric analog of
∫ x

0
f(t)d̃qt. Besides this we shall investigate the
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Introduction 2

fundamental properties of this operator. A study of these fractional q-symmetric

operators is expected to be of great importance in the development of the q-

function theory, which plays an important role in combinatory analysis.

This thesis master is organized as follows.

In chapter 1 we state the basic notations, definitions and properties concern-

ing fractional q-symmetric calculus (q-Gamma and q-Beta functions, Riemann-

Liouville, Caputo, q-symmetric fractional integral and derivative), which are

used throughout the thesis to obtain our results.

Next, in chapter 2, we will discuss the existence and uniqueness of the fol-

lowing nonlocal q-symmetric integral boundary value problem of nonlinear q-

symmetric fractional differential equations{
(D̃α

q,0u)(t) + f(q−αt, u(q−αt)) = 0, t ∈ (0, qα),

u(0) = 0, u(1) = µ(Ĩβq,0u)(η),

where q ∈ (0, 1), 1 < α ≤ 2, 0 < β ≤ 2, 0 < η < 1, and µ > 0 is a parameter,

D̃α
q,0 is the q-symmetric derivative of Riemann-Liouville type of order α, f :

[0, 1]× R+ −→ R+ is continuous.

Finally, in the last chapter we will study the following nonlocal q-symmetric

integral boundary value problem of nonlinear q-symmetric fractional differential

equations {
(cD̃α

q,0u)(t) + f(q−αt, u(q−αt)) = 0, t ∈ (0, qα),

u(0) = 0, u(1) = µ(Ĩβq,0u)(η),

where q ∈ (0, 1), 1 < α ≤ 2, 0 < β ≤ 2, 0 < η < 1, and µ > 0 is a parameter, cD̃α
q,0

is the q-symmetric derivative of Caputo type of order α, f : [0, 1] × R+ −→ R+

is continuous.

Some existence and uniqueness results of solutions for the given problems are

obtained by using the Banach contraction principle, Schauders, Schaufer fixed

point theorem. Several examples are presented to illustrate the usefulness of our

results.



Chapter 1

Basic definitions of q-Fractional
Calculus

The first chapter will deal with the basic notations, definitions and proper-

ties concerning fractional q-symmetric calculus (q-Gamma and q-Beta functions,

Riemann-Liouville, Caputo, q-symmetric fractional integral and derivative), which

are used throughout the thesis.

1.1 Notations of q-symmetric fractional calcu-

lus

For a real parameter q ∈ R+\{1}, we introduce a q-real number [a]qby

[a]q =
1− q2a

1− q2
, (a ∈ R).

For a nonnegative integer n,

[0]q! = 1, [n]q! = [n]q[n− 1]q...[1]q.

Also, the q-symmetric analog of the power (a− b)k is

(a− b)(0)
= 1, (a− b)(k)

=

k−1∏
i=0

(a− bq2i+1), (k ∈ N, a, b ∈ R).

Their natural expansions to reals are

(a− b)(α)
= aα

∏∞
i=0(1− b

a
q2i+1)∏∞

i=0(1− b
a
q2(i+α)+1)

, (α ∈ R, a 6= 0). (1.1)

3



1. Basic definitions of q-Fractional Calculus 4

Definition 1 (q-Gamma function, see [7]) The q-symmetric gamma func-
tion is defined by

Γ̃q(x) =

∏∞
i=0(1− q2i+2)∏∞

i=0(1− q2(i+x−1)+2)
(1− q2)1−x

= (1− q)(x−1)
(1− q2)1−x, (x ∈ R�{0,−1,−2, ...}). (1.2)

Obviously,

Γ̃q(1) = (1− q)(0)
(1− q2)0 = 1, Γ̃q(x+ 1) = [x]qΓ̃q(x).

Definition 2 (q-Beta function, [7]) For any x, y > 0,

Bq(x, y) =

∫ 1

0

t(x−1)(1− qt)(y−1)dqt.

Bq(x, y) =
Γq(x)Γq(y)

Γq(x+ y)
.

Therefore,

Bq(x, y) =
Γq(x)Γq(y)

Γq(x+ y)
=

Γ̃q(x)Γ̃q(y)

Γ̃q(x+ y)
. (1.3)

1.2 The q-symmetric analogs of Cauchy’s for-

mulas

The basic q-symmetric integrals are defined through the relations

(Ĩq,0f)(x) =

∫ x

0

f(t)d̃qt = x(1− q2)
∞∑
k=0

q2kf(xq2k+1), (1.4)

(Ĩq,af)(x) =

∫ x

a

f(t)d̃qt =

∫ x

0

f(t)d̃qt−
∫ a

0

f(t)d̃qt.

Definition 3 (see [3]) Let f be a real function defined on I (I be a interval of
R).The q-symmetric difference operator of f is defined by

(D̃qf)(x) =
f(qx)− f(x

q
)

x(q − 1
q
)

, (D̃qf)(0) = f ′(0), (1.5)

We usually call (D̃qf) the q-symmetric derivative of f.
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Example 4 Let f be a real function defined on I such that

f(x) = x2,

The q-symmetric differance operator of f is

(D̃qf)(x) = D̃qx
2

=
(qx)2 − (x

q
)2

x(q − 1
q
)

=
x(q2 − 1

q2
)

(q − 1
q
)
.

We take q = 1
2
,

(D̃qf)(x) =
15

6
x.

The q-symmetric derivatives of higher order as

(D̃0
qf)(x) = f(x), (D̃n

q f)(x) = (D̃qD̃
n−1
q f)(x), n ∈ N+.

As for q-symmetric derivatives, we can define an operator
˜

Inq by

(Ĩ0
q,af)(x) = f(x), (Ĩnq,af)(x) = (Ĩq,aĨ

n−1
q,a f)(x), n ∈ N+. (1.6)

Corollary 5 (see [3]) If f : I → R is continuous at 0, then for s ∈ [a, b] the

series
+∞∑
n=0

q2nf(q2n+1s),

is uniformly convergent on I and f is q-symmetric integrable on [a, b].

Theorem 6 (see [3]) (Fundamental Theorem of the q-symmetric Integral cal-

culus). Assume that f : I → R is continuous at 0 and for each x ∈ I, define

F (x) := (Ĩq,0f)(t) =

∫ x

0

f(t)d̃qt.

Then (Ĩq,0f) is continuous at 0, with

(D̃q Ĩq,0f)(x) = f(x), (Ĩq,0D̃qf)(x) = f(x)− f(0). (1.7)



1. Basic definitions of q-Fractional Calculus 6

Furthermore, D̃q[F ](x) exists for every x ∈ I with D̃q[F ](x) = f(x). Conversely,∫ b

a

D̃q[f ](t)d̃qt = f(b)− f(a)

for all a, b ∈ I.
Proof. By Corollary 5, the function F is continuous at 0, if x ∈ I\{0} then

D̃q(

∫ x

0

f(t)d̃qt) =

∫ qx
0
f(t)d̃qt−

∫ q−1x
0

f(t)d̃qt

(q − q−1)x

=
q

(q2 − 1)x
[(1− q2)qx

+∞∑
n=0

q2nf(q2n+1qx)

−(1− q2)q−1x
+∞∑
n=0

q2nf(q2n+1q−1x)]

=
+∞∑
n=0

q2nf(q2nx)−
+∞∑
n=0

q2n+2f(q2n+2x)

=
+∞∑
n=0

[q2nf(q2nx)− q2(n+1)f(q2(n+1)x)

= f(x).

If x = 0, then

D̃q[F ](0) = lim
h→0

F (h)− F (0)

h

= lim
h→0

1

h
(1− q2)h

+∞∑
n=0

q2nf(q2n+1h)

= lim
h→0

(1− q2)

+∞∑
n=0

q2nf(q2n+1h)

= (1− q2)
+∞∑
n=0

q2nf(0) (by the continuity of f at 0)

= (1− q2)
1

1− q2
f(0)

= f(0).
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Finally, since for x ∈ I,∫ x

0

D̃q[f ](t)d̃qt = (1− q2)x

+∞∑
n=0

q2nD̃q[f ](q2n+1x)

= (1− q2)x
+∞∑
n=0

q2nf(qq2n+1x)− f(q−1q2n+1x)

(q−1 − q)(q2n+1x)

=
+∞∑
n=0

[f(q2nx)− f(q2(n+1)x)]

= f(x)− f(0),

we have ∫ b

a

D̃q[f ](t)d̃qt =

∫ b

0

D̃q[f ](t)d̃qt−
∫ a

0

D̃q[f ](t)d̃qt

= f(b)− f(a).

Theorem 7 (see [3]) Let f, g : I → R be q-symmetric integrable on I, a, b, c ∈
I and α, β ∈ R. Then
1.
∫ a
a
f(t)d̃qt = 0

2.
∫ b
a
f(t)d̃qt = −

∫ a
b
f(t)d̃qt;

3.
∫ b
a
f(t)d̃qt =

∫ c
a
f(t)d̃qt+

∫ b
c
f(t)d̃qt;

4.
∫ b
a
(αf + βg)(t)d̃qt = α

∫ b
a
f(t)d̃qt+ β

∫ b
a
g(t)d̃qt;

5. If D̃q[f ] and D̃q[g] are continuous at 0, then∫ b

a

f(q−1t)D̃q[g](t)d̃qt = f(t)g(t)
∣∣b
a −

∫ b

a

D̃q[f ](t)g(qt)d̃qt.

We call this formula q-symmetric integration by parts.

Proof. Properties 1—4 are trivial. Property 5 follows from Theorems 6:

D̃q[fg](t) = D̃q[f ](t)g(qt) + f(q−1t)D̃q[g](t)

=⇒ f(q−1t)D̃q[g](t) = D̃q[fg](t)− D̃q[f ](t)g(qt)

=⇒
∫ b

a

f(q−1t)D̃q[g](t)d̃qt = f(t)g(t)
∣∣b
a −

∫ b

a

D̃q[f ](t)g(qt)d̃qt.
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Remark 8 (see [3]) In general it is not true that if f is a positive function on
[a, b], then ∫ b

a

f(t)d̃qt ≥ 0.

Example 9 Consider the function f defined in [−1, 1] by

f(t) =


1 if t = 1

2

6 if t = 1
6

0 if t ∈ [−1, 1]\
{

1
6
, 1

2

}
For q = 1

2
this function is q-symmetric integrable because is continuous at t = 0

and∫ 1

1
3

f(t)d̃qt =

∫ 1

0

f(t)d̃qt−
∫ 1

3

0

f(t)d̃qt

=
3

4

+∞∑
n=0

(
1

2
)2nf

(
(
1

2
)2n+1

)
− 3

4
(
1

3
)

+∞∑
n=0

(
1

2
)2nf

(
1

3
.(

1

2
)2n+1

)
=

3

4
× 1− 1

4
× 6

= −3

4
.

Lemma 10 Using (1.1) and (1.4), we may obtain the very useful examples of
the q-symmetric derivatives of the next functions:

xD̃q(x− a)
(α)

= [α]q(
x

q
− a)

(α−1)

, (1.8)

xD̃q(a−
x

q
)
(α)

= −[α]q(a− x)
(α−1)

, (1.9)

Next, we consider the form of the multiple q-symmetric integration as follows:

(Ĩnq f)(x) =

∫ x

0

d̃qt

∫ t

0

d̃qtn−1

∫ tn−1

0

d̃qtn−2...

∫ t2

0

d̃qt1. (1.10)

Theorem 11 (see [7]) The form of the multiple q-symmetric integration (1.10)
is equality to

(Ĩnq,0f)(x) =
1

[n− 1]q!
q(

n
2)
∫ x

0

(x− τ)
(n−1)

f(qn−1τ)d̃qτ , (1.11)

where (
n

k

)
=

Γ(n+ 1)

Γ(k + 1)Γ(n− k + 1)
.
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1.3 The fractional q-symmetric integral opera-

tor

Definition 12 the fractional q-symmetric integral operator,

(Ĩαq,0f)(x) =
1

Γ̃q(α)
q(

α
2)
∫ x

0

(x− τ)
(α−1)

f(qα−1τ)d̃qτ , (α ∈ R+), (1.12)

where (
α

k

)
=

Γ(α + 1)

Γ(k + 1)Γ(α− k + 1)
, (k ∈ N).

To prove the semigroup property of the fractional q-symmetric integral, we need

Lemma 13.

Lemma 13 (see [7]) For µ, α, β ∈ R+, the following identity is valid

∞∑
n=0

(1− µq1−n)(α−1)(1− µq1+n)(β−1)

(1− q)(α−1)(1− q)(β−1)
qαn =

(1− µq)(α+β−1)

(1− q)(α+β−1)
,

where

(a− b)(α) = aα
∏∞

i=0(1− b
a
qi)∏∞

i=0(1− b
a
qα+1)

, (a, b ∈ R, a 6= 0).

Theorem 14 ([7]) Let α, β ∈ R+.The fractional q-symmetric integration has

the following semigroup property:

(Ĩαq,0Ĩ
β
q,0f)(x) = (Ĩα+β

q,0 f)(x).

Theorem 15 ([7]) For α ∈ R+, the following identity is valid

(Ĩαq,0f)(x) = (Ĩα+1
q,0 D̃qf)(x) +

f(0)

Γ̃q(α + 1)
q(

α
2)xα.
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Proof. Using the q-symmetric integration by parts and (1.9), we obtain

(Ĩαq,0f)(x) =
1

Γ̃q(α)
q(

α
2)
∫ x

0

(x− τ)
(α−1)

f(qα−1τ)d̃qτ

=
1

Γ̃q(α)[α]q
q(

α
2)(−

∫ x

0

f(qα−1τ)d̃q(x− q−1τ)
(α)

)

=
1

Γ̃q(α + 1)
q(

α
2)(−(x− q−1τ)

(α)
f(qατ) |x0

+

∫ x

0

qα(x− τ)
(α)
D̃qf(qατ)d̃qτ)

=
1

Γ̃q(α + 1)
q(

α
2)(−(x− q−1τ)

(α)
f(qαx)

+xαf(0) +

∫ x

0

qα(x− τ)
(α)
D̃qf(qατ)d̃qτ)

= (Ĩα+1
q,0 D̃qf)(x) +

f(0)

Γ̃q(α + 1)
q(

α
2)xα.

1.4 The fractional q-symmetric derivative

1.4.1 The fractional q-symmetric derivative of Riemann-
Liouville

Definition 16 the fractional q-symmetric dervative of Riemann-Liouville type
of a function f(x) define by

(D̃α
q,0f)(x) =


(Ĩ−αq,0 f)(x), α < 0,

f(x), α = 0,

(D̃
[α]
q,0Ĩ

[α]−α
q,0 f)(x), α > 0.

(1.13)

Here [α] denotes the smallest integer greater than or equal to α.

Lemma 17 ([7]) For α ∈ R+ and λ ∈ (−1,∞), the following is valid

(i) Ĩαq,0x
λ =

Γ̃q(λ+ 1)

Γ̃q(λ+ α + 1)
q(

α
2)+λαxλ+α.

(ii) D̃α
q,0x

λ =
Γ̃q(λ+ 1)

Γ̃q(λ− α + 1)
q(

−α
2 )−λαxλ−α, (λ− α + 1 6= 0).



1. Basic definitions of q-Fractional Calculus 11

Proof. (i) For λ 6= 0, according to (1.12), we have

Ĩαq,0x
λ =

1

Γ̃q(α)
q(

α
2)
∫ x

0

(x− τ)
(α−1)

(qα−1τ)d̃qτ

=
1

Γ̃q(α)
q(

α
2)xα+λq

λ(α−1)
∫ x

0

(1− τ

x
)
(α−1)

(
τ

x

)λ
d̃q

(
τ

x

)
=

1

Γ̃q(α)
q(

α
2)xα+λq

λ(α−1)
∫ 1

0

(1− s)(α−1)
sλd̃qs.

Let q2 = q, by (1.4), (1.2), and Definition 2, we get∫ 1

0

(1− s)(α−1)
sλd̃qs = x(1− q2)

∞∑
k=0

q2k(1− q2k+1)
(α−1)

qλ(2k+1)

= q
λ

(1− q2)
∞∑
k=0

q2k

∞∏
i=0

1− q2(k+i+1)

1− q2(k+i+α)
q2λk

= q
λ
2 (1− q)

∞∑
k=0

qk
∞∏
i=0

1− qk+i+1

1− qk+i+α
qλk

= q
λ
2 (1− q)

∞∑
k=0

qk(1− qk+1)qλk

= q
λ
2

∫ 1

0

(1− qx)(α−1)xλdqx

= q
λ
2Bq(λ+ 1, α)

= qλ
Γ̃q(α)Γ̃q(λ+ 1)

Γ̃q(λ+ α + 1)
.

Hence, we obtain the required formula for Ĩαq,0x
(λ)when λ 6= 0.

If λ = 0, then using (1.9), we have

Ĩαq,01 =
1

Γ̃q(α)
q(

α
2)
∫ x

0

(x− τ)
(α−1)

d̃qτ

=
1

Γ̃q(α)
q(

α
2)
∫ x

0

D̃q(x− τ
q
)
(α)

−[α]q
d̃qτ

=
−1

Γ̃q(α + 1)
q(

α
2)
∫ x

0

D̃q(x−
τ

q
)
(α)

d̃qτ

=
1

Γ̃q(α + 1)
q(

α
2)xα.
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(ii) By (i) and (1.13) and (1.8), we get

D̃α
q,0(xλ) = D̃[α]

q Ĩ
[α]−α
q,0 (xλ)

= D̃[α]
q

(
Γ̃q(λ+ 1)

Γ̃q(λ+ [α]− α + 1)
q(

[α]−α
2 )qλ([α]−α)xλ+[α]−α

)

=
Γ̃q(λ+ 1)

Γ̃q(λ+ [α]− α + 1)
q(

[α]−α
2 )qλ([α]−α)D̃[α]

q (xλ+[α]−α)

=
Γ̃q(λ+ 1)

Γ̃q(λ+ [α]− α + 1)
q(

[α]−α
2 )qλ([α]−α)q−([α]+12 )−[α](λ−α−1)

× Γ̃q(λ+ [α]− α + 1)

Γ̃q(λ− α + 1)
xλ−α

=
Γ̃q(λ+ 1)

Γ̃q(λ− α + 1)
q(

−α
2 )−λαxλ−α.

Theorem 18 ([7]) For α ∈ R\N0, the following is valid

(D̃qD̃
α
q,0f)(x) = (D̃α+1

q,0 f)(x).

Proof. We consider three cases. For α ≤ −1, according to Theorem 15 and

(1.7), we have

(D̃qD̃
α
q,0f)(x) = (D̃q Ĩ

−α
q,0 f)(x)

= (D̃q Ĩ
1−α−1
q,0 f)(x)

= (Ĩ
−(α+1)
q,0 f)(x)

= (D̃
(α+1)
q,0 f)(x).

In th case −1 < α < 0, we obtain

(D̃qD̃
α
q,0f)(x) = (D̃q Ĩ

−α
q,0 f)(x)

= (D̃q Ĩ
1−(α+1)
q,0 f)(x)

= (D̃α+1
q f)(x).

For α > 0, we get

(D̃qD̃
α
q,0f)(x) = (D̃qD̃

[α]
q Ĩ

[α]−α
q,0 f)(x)

= (D̃α+1
q,0 f)(x).
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Theorem 19 ([7]) For α ∈ R\N0, the following is valid

(D̃qD̃
α
q,0f)(x) = (D̃α

q,0D̃qf)(x) +
f(0)

Γ̃q(−α)
q(

−(α+1)
2 )x−α−1.

Proof. Let us consider two cases. For α < 0, we have

(D̃qD̃
α
q,0f)(x) = (D̃q Ĩ

−α
q,0 f)(x)

= D̃q Ĩ
−α
q,0 [(Ĩq,0D̃qf)(x) + f(0)]

= (D̃q Ĩ
−α
q,0 Ĩq,0D̃qf)(x) + f(0)(D̃q Ĩ

−α
q,0 1)

= (D̃q Ĩ
−α+1
q,0 D̃qf)(x) + f(0)q(

−α
2 )q−(α+1) 1

Γ̃q(−α)[−α]q
D̃qx

−α

= (D̃α
q,0D̃qf)(x) + f(0)q(

−α
2 )q−(α+1) 1

Γ̃q(−α)
x−α−1

= (D̃α
q,0D̃qf)(x) + f(0)q(

−(α+1)
2 ) 1

Γ̃q(−α)
x−α−1.

If α > 0 , there exists l ∈ N0, such that α ∈ (l, l + 1). Then applying a similar

procedure, we get

(D̃qD̃
α
q,0f)(x) = (D̃qD̃

l+1
q Ĩ l+1−α

q,0 f)(x)

= D̃l+2
q Ĩ l+1−α

q,0 [(Ĩq,0D̃qf)(x) + f(0)]

= (D̃l+2
q Ĩ l+2−α

q,0 D̃qf)(x) + f(0)
q(

l+1−α
2 )

Γ̃q(l + 1− α)

(
D̃l+2
q

∫ x

0

(x− τ)
(l−α)

d̃qτ

)

= (D̃l+2
q Ĩ l+2−α

q,0 D̃qf)(x) + f(0)
q(

l+1−α
2 )

Γ̃q(l + 2− α)
(D̃l+2

q xl+1−α)

= (D̃α
q,0D̃qf)(x) + f(0)q(

−(α+1)
2 ) 1

Γ̃q(−α)
x−α−1.

Theorem 20 ([7]) For α ∈ R\N0, the following is valid

(D̃α
q,0Ĩ

α
q,0f)(x) = f(x).

Proof.

(D̃α
q,0Ĩ

α
q,0f)(x) = (D̃[α]

q Ĩ
[α]−α
q,0 Ĩαq,0f)(x)

= (D̃[α]
q Ĩ

[α]
q,0f)(x)

= f(x).
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Theorem 21 ([7]) Let α ∈ (0, 1). Then

(Ĩαq,0D̃
α
q,0f)(x) = f(x) +Kxα−1.

Proof. Let
A(x) = (Ĩαq,0D̃

α
q,0f)(x)− f(x).

Apply D̃α
q,0 to both sides of the above expression, and using Theorem 20, we get

(D̃α
q,0)A(x) = (D̃α

q,0Ĩ
α
q,0D̃

α
q,0f)(x)− (D̃α

q,0f)(x)

= (D̃α
q,0f)(x)− (D̃α

q,0f)(x)

= 0.

On the other hand,∫ x

0

(x− τ)
(−α) (

q−ατ
)α−1

d̃qτ

= x(1− q2)
∞∑
m=0

q2m(x− q2m+1x)
(−α)

(q−αq2m+1x)α−1

= (1− q2)
∞∑
m=0

q2m(1− q2m+1)
(−α)

(q−αq2m+1)α−1.

Using the above form and according to (1.1), (1.12), we obtain

D̃α
q,0x

α−1 = D̃q Ĩ
1−α
q,0 xα−1

= D̃qq
(1−α2 ) 1

Γ̃q(1− α)

∫ x

0

(x− τ)
(−α)

(q−ατ)α−1d̃qτ

= 0.

Hence A(x) = Kxα−1.

Theorem 22 ([7]) Let α ∈ (N − 1, N ]. Then for some constants ci ∈ R, i =

1, 2, ..., N, the following equality holds

(Ĩαq,0D̃
α
q,0f)(x) = f(x) + c1x

α−1 + c2x
α−2 + ...+ cNx

α−N . (1.14)
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Proof. By Theorem 15 and Theorem 21, we have

(Ĩαq,0D̃
α
q,0f)(x) = (Ĩαq,0D̃

N
q Ĩ

N−α
q,0 f)(x)

= (Ĩα−1
q,0 D̃N−1

q ĨN−αq,0 f)(x)− q(
α−2
2 ) D̃

N−1
q ĨN−αq,0 f(0)

Γ̃q(α− 1)
xα−2

−q(
1−α
2 ) D̃

N
q Ĩ

N−α
q,0 f(0)

Γ̃q(α)
xα−1

= ...

= (Ĩα−Nq,0 D̃α−N+1
q,0 f)(x)− q(

α−N+1
2 ) D̃q Ĩ

N−α
q,0 f(0)

Γ̃q(α−N + 2)
xα−N+1 − ...

−q(
α−1
2 ) D̃

N−1
q ĨN−αq,0 f(0)

Γ̃q(α)
xα−1

= f(x) + c1x
α−1 + c2x

α−2 + ...+ cNx
α−N .

1.4.2 The fractional q-symmetric derivative of caputo type

If we change the order of operators, we can introduce another type of fractional

q-derivative.

Definition 23 The fractional q-symmetric derivative of caputo type is

(cD̃α
q,0f)(x) =


(
Ĩ−αq,0 f

)
(x), α < 0,

f(x), α = 0,

(Ĩ
[α]−α
q,0 D̃

[α]
q f)(x), α > 0.

(1.15)

Here [α] denotes the smallest integer greater than or equal to α.

Theorem 24 ([7]) For α ∈ R\N0, and x > 0 , the following is valid

(cD̃α+1
q,0 f)(x)− (cD̃α

q,0D̃qf)(x) =

{
f(0)

Γ̃q(−α)
q(

−(α+1)
2 )x−α−1, α ≤ −1,

0, α > −1.
(1.16)
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Proof. Clearly, (1.16) holds for α = −1. Next, we will consider three cases.

(i) If α < −1,according to (1.15),(1.9) and (1.7), we have

(cD̃α+1
q,0 f)(x) =

(
Ĩ−α−1
q,0 f

)
(x)

= Ĩ−α−1
q,0 (Ĩq,0D̃qf(x) + f(0))

= (Ĩ−αq,0 D̃qf)(x) +
f(0)

Γ̃q (−α)
q(

−(α+1)
2 )x−α−1

= (cD̃α
q,0D̃qf)(x) +

f(0)

Γ̃q (−α)
q(

−(α+1)
2 )x−α−1.

(ii) If −1 < α ≤ 0, we obtain

(cD̃α+1
q,0 f)(x) = (Ĩ

1−(α+1)
q,0 D̃qf)(x)

= (Ĩ−αq,0 D̃qf)(x)

= (cD̃α
q,0D̃qf)(x).

(iii) If α > 0, we assume α = n+ε, n ∈ N0, 0 < ε < 1, then α+1 ∈ (n+1, n+2),

so we obtain

(cD̃α+1
q,0 f)(x) = (Ĩ1−ε

q,0 D̃
n+2
q f)(x)

= (Ĩ1−ε
q,0 D̃

n+1
q D̃qf)(x)

= (cD̃α
q,0D̃qf)(x).

Theorem 25 ([7]) For α ∈ R\N0, and x > 0, the following is valid

(D̃q
cD̃α

q,0f)(x)− (cD̃α+1
q,0 f)(x) =

 D̃
[α]
q f(0)

Γ̃q([α]−α)
q(

[α]−(α+1)
2 )x−α−1, α > −1,

0, α ≤ −1.
(1.17)

Proof. We will consider two cases.
(i) α < 0, using Theorem 15, (1.15), (1.7), and (1.9), we obtain

(D̃q
cD̃α

q,0f)(x) = (D̃q Ĩ
−α
q,0 f)(x)

= (D̃q Ĩ
−α+1
q,0 D̃qf)(x) +

f(0)

Γ̃q (−α + 1)
q(

−α
2 )D̃q(x

−α)

= (cD̃α
q,0D̃qf)(x) +

f(0)

Γ̃q (−α + 1)
q(

−α
2 )q1+α[−α]qx

−α−1

= (cD̃α
q,0D̃qf)(x) +

f(0)

Γ̃q (−α)
q(

−(α+1)
2 )x−α−1.
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By Theorem 24, the required equalities are valid both for α ≤ −1 and −1 < α <

0.

(ii) α > 0, we assume α = n+ ε, n ∈ N0, 0 < ε < 1, then α+ 1 ∈ (n+ 1, n+ 2),

by Theorem 15,(1.15),(1.7) and (1.9), we obtain

(D̃q
cD̃α

q,0f)(x) = (D̃q Ĩ
1−ε
q,0 D̃

n+1
q f)(x)

= (D̃q Ĩ
2−ε
q,0 D̃

n+2
q f)(x) +

D̃n+1
q f(0)

Γ̃q (2− ε)
q(

1−ε
2 )D̃q(x

1−ε)

= (cD̃α+1
q,0 f)(x) +

D̃n+1
q f(0)

Γ̃q (2− ε)
q(

1−ε
2 )qε[1− ε]qx−ε

= (cD̃α+1
q,0 f)(x) +

D̃n+1
q f(0)

Γ̃q (n+ 1− α)
q(

n−α
2 )xn−α.

Theorem 26 ([7]) Let α ∈ (N − 1, N ]. Then for some constants ci ∈ R, i =

0, 1, ..., N, the following equality holds

(Ĩαq,0
cD̃α

q,0f)(x) = f(x) + c0 + c1x+ c2x
2 + ...+ cN−1x

N−1.

Proof. By (1.15), (1.7) and (1.8), we have

(Ĩαq,0
cD̃α

q,0f)(x) = (Ĩαq,0Ĩ
N−α
q,0 D̃N

q f)(x)

= (ĨNq,0D̃
N
q f)(x)

= ĨN−1
q,0 ((D̃N−1

q f)(x)− (D̃N−1
q f)(0))

= (ĨN−αq,0 D̃N−1
q f)(x)−

q(
N−1
2 )(D̃N−1

q f)(0)

[N − 1]q!
xN−1

= (ĨN−2
q,0 D̃N−2

q f)(x)−
q(

N−2
2 )(D̃N−2

q f)(0)

[N − 2]q!
xN−2

−
q(

N−1
2 )(D̃N−1

q f)(0)

[N − 1]q!
xN−1

= ...

= f(x)−
N−1∑
K=0

q(
K
2 )(D̃K

q f)(0)

[K]q!
xK .



Chapter 2

Nonlinear q-symmetric fractional
differential equations of
Riemann-Liouville type

In this chapter, we deal with the following nonlinear q-symmetric integral bound-

ary value problem of nonlinear q-symmetric fractional differential equations

(D̃α
q,0u)(t) + f(q−αt, u(q−αt)) = 0, t ∈ (0, qα), (2.1)

u(0) = 0, u(1) = µ(Ĩβq,0u)(η), (2.2)

where q ∈ (0, 1), 1 < α ≤ 2, 0 < β ≤ 2, 0 < η < 1 and µ > 0 is a parameter,

D̃α
q,0 is the q-symmetric derivative of Riemann-Liouville type of order α, f :

[0, 1]× R+ −→ R+ is continuous.

Based upon a contraction mapping principle, Schauder’s and nonlinear alter-

native Leray—Schauder’s fixed point theorems. We obtain three various results

of the existence and uniqueness about the boundary value problem (2.1)-(2.2).

2.1 A few theorems of fixed point

In this section we have different tools of the theory of functional analysis used by

following contraction principle of Banach, equicontinuity, theorem of Schauder,

theorem of d’Arzela Ascoli... etc.

Definition 27 Let (E, d) a complete metric space and F : E → E a continue

mapp.

18
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i) We say that u ∈ E is a fixed point of F if f(u) = u.

ii) We say that F is contractante if F lipschiz raport 0 < L < 1, i.e there is

0 < L < 1, such that

∀u, v ∈ E, d(F (u), F (v)) ≤ Ld(u, v), 0 < L < 1.

Definition 28 (completely continuous) Let X and Y two Banach space and

F : X → Y a mapp define X a value in F . We say that F is completely

continuous if she is continuous and transform any bounded of Y in a relatively

compact set in Y. F is said to be compact if F (X) is relatively compact in Y.

Theorem 29 (Banach see [9] ) Let X a Banach space, and a contractant op-

erator F : X → X. So F admits a unique fixed point.

i.e ∃!u ∈ X such that Fu = u.

Theorem 30 (Leray Schauder Alternative see [9]) Let X a Banach space,
C a subset convex in X, U is a open subset in C and 0 ∈ U . Assume that

F : U → C a continous and compact operator (F (U) is relatively compact of C

). So

i) F admits a fixed point of U. or

ii) There is a u ∈ ∂U and λ ∈ (0, 1) with u = λF (u).

Lemma 31 (Krasnoselskii [7]) Let E be a Banach space, and let P ⊂ E be

a cone. Assume Ω1,Ω2 are open subsets of E with θ ∈ Ω1 ⊂ Ω1 ⊂ Ω2, and let

F : P ∩ (Ω2\Ω1)→ P be a completly continous operator such that

‖Fu‖ ≥ ‖u‖ , u ∈ P ∩ ∂Ω1, and

‖Fu‖ ≤ ‖u‖ , u ∈ P ∩ ∂Ω2.

Then F has at least one fixed point in P ∩ (Ω2\Ω1).

Theorem 32 (Ascoli-Arzelà [9]) Let A a subset of C(J,E); A is relatively

compact in C(J,E) if and only if the following conditions are verified:

i) The set A is bounded. i.e there is a constant K > 0 such that:

‖f‖ ≤ K for evry x ∈ J and f ∈ A.

ii) The set A is equicontinuity. i.e for evry ε > 0, there is δ > 0 such that

|t1 − t2| < δ =⇒ ‖f(t1)− f(t2)‖ ≤ ε for evry t1, t2 ∈ J and f ∈ A.

iii) for evry x ∈ J the set {f(x), f ∈ A} ⊂ E is relatively compact.
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2.2 Fundamental lemmas

We now present some lemmas which will be useful to achieve our main results.

Lemma 33 ([7]) Let y ∈ C[0, 1], and

M = Γ̃q(α + β)− µηα+β−1q(
β
2)+(α−1)βΓ̃q(α) > 0.

Then the unique solution of the boundary value problem

(D̃α
q,0u)(t) + y(q−αt) = 0, t ∈ (0, qα), 1 < α ≤ 2, (2.3)

with the boundary condition

u(0) = 0, u(1) = µĨαq,0u(η), 0 < β ≤ 2, 0 < η < 1, (2.4)

is given by

u(t) =

∫ 1

0

G(t, s)y(q−1s)d̃qs, t ∈ [0, 1], (2.5)

where

G(t, s) = g(t, s) +
µtα−1

M
H(t, s), (2.6)

and

g(t, s) =
1

Γ̃q(α)
q(

α
2)

{
tα−1(1− s)(α−1) − (t− s)(α−1)

, 0 ≤ s ≤ t ≤ 1,

tα−1(1− s)(α−1)
, 0 ≤ t < s ≤ 1,

(2.7)

H(t, s) = ηα+β−1q(
α+β
2 )−β

{
(1− s)(α−1) − (t− η−1q−βs)

(α+β−1)
, 0 ≤ s ≤ ηqβ,

(1− s)(α−1)
, ηqβ < s ≤ 1.

(2.8)

Proof. In view of theorem 22 , we have

u(t) = c1t
α−1 + c2t

α−2 − 1

Γ̃q(α)
q(

α
2)
∫ t

0

(t− s)(α−1)
y(q−1s)d̃qs, t ∈ [0, 1], (2.9)

for some constant c1, c2 ∈ R. since u(0) = 0, we have c2 = 0.

Using lemma 17, theorem 14, we have

(Iβq,0u)(t) = c1I
β
q,0t

α−1 − (Iα+β
q,0 y)(q−αt)

= c1
Γ̃q(α)

Γ̃q(α + β)
q(

β
2)+(α−1)βtα+β−1

− 1

Γ̃q(α + β)
q(

α+β
2 )
∫ t

0

(t− s)(α+β−1)
y(qβ−1s)d̃qs.
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From the boundary condition u(1) = µĨαq,0u(η), we get

c1 =
Γ̃q(α + β)

M
(

1

Γ̃q(α)
q(

α
2)
∫ 1

0

(1− s)(α−1)
y(q−1s)d̃qs

− µ

Γ̃q(α + β)
q(

α+β
2 )
∫ η

0

(η − s)(α+β−1)
y(qβ−1s)d̃qs).

Hence

u(t) =
tα−1Γ̃q(α + β)

M
(

1

Γ̃q(α)
q(

α
2)
∫ 1

0

(1− s)(α−1)
y(q−1s)d̃qs

− µ

Γ̃q(α + β)
q(

α+β
2 )
∫ η

0

(η − s)(α+β−1)
y(qβ−1s)d̃qs)

− 1

Γ̃q(α)
q(

α
2)
∫ t

0

(t− s)(α−1)
y(q−1s)d̃qs

=
tα−1

Γ̃q(α)
q(

α
2)
∫ 1

0

(1− s)(α−1)
y(q−1s)d̃qs

− 1

Γ̃q(α)
q(

α
2)
∫ t

0

(t− s)(α−1)
y(q−1s)d̃qs

+
µtα−1ηα+β−1q(

α+β
2 )−β

M

∫ 1

0

(1− s)(α−1)
y(q−1s)d̃qs

−µt
α−1

M
q(

α+β
2 )
∫ η

0

(η − s)(α+β−1)
y(qβ−1s)d̃qs

=

∫ 1

0

g(t, s)y(q−1s)d̃qs+
µtα−1

M

∫ 1

0

H(t, s)y(q−1s)d̃qs

=

∫ 1

0

G(t, s)y(q−1s)d̃qs.

According to the property of being non-increasing of (t− s)(α)
on s, we may

easily obtain lemma34 and Lemma 35 as follows.

Lemma 34 ([7]) The function g(t, s) and H(η, s) satisfy the following proper-

ties:

(i) g(t, s) ≥ 0, g(t, s) ≤ g(s, s), 0 ≤ t, s ≤ 1.

(ii) H(η, s) ≥ 0, 0 ≤ s ≤ 1.
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Lemma 35 ([7]) The function G(t, s) satisfies the following properties:

(i) G is a continous function and G(t, s) ≥ 0, (t, s) ∈ [0, 1]× [0, 1].

(ii) There exists a positive function ρ ∈ C((0, 1), (0,+∞)) such that

max0≤t≤1G(t, s) ≤ g(s, s) +
µ

M
H(η, s) =: ρ(s), s ∈ (0, 1).

Define the operator F : P → X as follows:

(Fu)(t) =

∫ 1

0

G(t, s)f(q−1s, u(q−1s))d̃qs. (2.10)

It follows from the non-negativenes and continuity of G and f that the operator

F : P → X satisfies F (P ) ⊂ P and is completely continous.

2.3 Results of existence and uniqueness

In this section, we will prove the existence and uniqueness of the solution of

problem (2.1)-(2.2) in space C([0, 1],R+), we use contraction principle of Banach.

LetX = C[0, 1] be a Banach space endowed with norm ‖u‖X = max0≤t≤1 |u(t)| .
Define the cone P ⊂ {u ∈ X : u(t) ≥ 0, 0 ≤ t ≤ 1}.
We define F : C([0, 1],R+)→ C([0, 1],R+) by:

u→ Fu(t) =

∫ 1

0

G(t, s)f(q−1s, u(q−1s))d̃qs. (2.11)

and

w =
Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)
. (2.12)

Theorem 36 Let f : [0, 1] × R+ → R+ a continuous function hold: there exist

a constant L1 > 0 such that

(H1)
∣∣f (q−1s, u(q−1s)

)
− f

(
q−1s, v(q−1s)

)∣∣ ≤ L1 |u− v| , ∀s ∈ [0, 1] and ∀u, v ∈ R

and

L1w < 1, (2.13)

the problem (2.1)-(2.2) admits unique solution in [0, 1].
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Proof. To begin the proof, we will transform the problem (2.1)-(2.2) into a

fixed point problem u = Fu and Fu define by :

Fu (t) =

∫ 1

0

G (t, s) f
(
q−1s, u

(
q−1s

))
d̃qs.

Because the problem (2.1)-(2.2) is equivalent to the fractional integral equation

(2.10), the fixed points of F are solutions of the problem (2.1)-(2.2).

Let u, v ∈ C [0, 1] , for all t ∈ [0, 1] we have:

|Fu (t)− Fv (t)| =

∣∣∣∣∫ 1

0

G (t, s)
[
f
(
q−1s, u

(
q−1s

))
− f

(
q−1s, v

(
q−1s

))]
d̃qs

∣∣∣∣
≤

∫ 1

0

G (t, s)
∣∣f (q−1s, u

(
q−1s

))
− f

(
q−1s, v

(
q−1s

))∣∣ d̃qs
≤

∫ 1

0

G (t, s)
∣∣u (q−1s

)
− v

(
q−1s

)∣∣ d̃qs,
Then

‖Fu− Fv‖∞ ≤ L1 ‖u− v‖∞
∫ 1

0

G (t, s) ds

≤ L1 ‖u− v‖∞

(
Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)

)
≤ L1w ‖u− v‖∞ .

This implies that by (2.13), F is a contraction operator.

Using Banach contraction principle, we deduce that F admits unique fixed point

which is the unique solution of the problem (2.1)-(2.2).

The next existence result is based on the Krasnoselskii fixed point theorem

31.

Theorem 37 ([7]) Let f(t, u) be a nonnegative continuous function on [0, 1]×
R+. In addition, we assume that:

(H2) There exists a positive constant r1 such that

f(t, u) ≥ kr1, for (t, u) ∈ [τ 1, τ 2]× [0, r1],

where τ 1 = qm3 , τ 2 = qm4 with m3,m4 ∈ N0,m3 > m4 > 0, and

k ≥
(
q−1

∫ qτ2

qτ1

(g(s, s) +
µsα−1

M
H(η, s)d̃qs

)−1

.
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(H3) There exists a positive constant r2 with r2 > r1 such that

f(t, u) ≤ Lr2, for (t, u) ∈ [0, 1]× [0, r2],

where

L =

(∫ 1

0

q(
α
2)(1− s)(α−1)

Γ̃q(α)
+

µ

M
H(η, s)d̃qs

)−1

.

Then the boundary value problem (2.1), (2.2) has at least one positive solution u0

satisfying

0 < r1 ≤ ‖u0‖X ≤ r2.

Proof. By Lemma 34, we obtain max0≤t≤1g(t, s) = g(s, s).

Let Ω1 = {u ∈ X : ‖u‖X < r1} . For any u ∈ X ∩ ∂Ω1, according to (H2), we

have

‖Tu‖X = max
0≤t≤1

(

∫ 1

0

g(t, s)f(q−1s, u(q−1s))d̃qs

+

∫ 1

0

µtα−1

M
H(η, s)f(q−1s, u(q−1s))d̃qs)

≥
∫ 1

0

[g(s, s) +
µ(s)α−1

M
H(η, s)]f(q−1s, u(q−1s)d̃qs

= (1− q2)

[ ∞∑
k=0

q2kg(q2k+1, q2k+1) +
µ(q2k+1)α−1

M
H(η, q2k+1)

]
f(q2k, u(q2k))

=

∫ 1

0

[
g(qs, qs) +

µ(sq)α−1

M
H(η, qs)

]
f(s, u(s))d̃q2s

≥ kr1

∫ 1

0

[
g(qs, qs) +

µ(sq)α−1

M
H(η, qs)

]
dq2s

= q−1kr1

∫ qτ2

qτ1

[g(s, s) +
µ(s)α−1

M
H(η, s)]dq2s

= r1

= ‖u‖X

Let Ω2 = {u ∈ X : ‖u‖X < r2}. For any u ∈ X ∩ ∂Ω2, according to (H3), we

have
‖Tu‖x = max0≤t≤1

∫ 1

0
G(t, s)f(q−1s, u(q−1s))d̃qs

≤ Lr2

∫ 1

0
ρ(s)d̃qs

≤ ‖u‖X = r2.

Now, an application of lemma 31 concludes the proof.
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The last existence result is based on the Leray-Schauder Alternative fixed

point theorem 30.

Theorem 38 Let f : [0, 1]× R+ → R+ a continuous function such that

(H4) There is a continuous function non-decroissante ψ : [0;∞)→ [0;∞), and

a function P ∈ C([0, 1],R+) such that∣∣f(q−1s, u(q−1s))
∣∣ ≤ P (t)ψ(|u|), for evry s ∈ [0, 1], u ∈ R.

(H5) There is a constant L2 > 0 such that

L2

ψ(L2) ‖P‖
(

Γ̃q(α)

Γ̃q(α+1)
− ηqβ Γ̃q(α+β)

Γ̃q(α+β+1)

) > 1.

So the problem (2.1)-(2.2) has at least one solution on C[0, 1].

Proof. Let Ω = {u ∈ X : ‖u‖X < L2} and L2 is taked by (H5).

It is esay that the subset Ω is closed and convex, we new proved that F satisfed

the conditions of Leray-Schauder Alternative fixed point theorem 30 with

F : C([0, 1],R+)→ C([0, 1],R+)

u→ Fu (t) =

∫ 1

0

G (t, s) f
(
q−1s, u

(
q−1s

))
d̃qs.

This could be proved through three steps :

Step 1.F is a continuous operator. Let (un)n∈N be real sequence such that

lim
n→∞

un = u in C[0, 1]. Then for each t ∈ C[0, 1].

|Fun (t)− Fu (t)| =

∫ 1

0

G (t, s)
∣∣f (q−1s, un

(
q−1s

))
− f

(
q1s, u

(
q−1s

))∣∣ d̃qs
≤

∥∥f (q−1s, un
(
q−1s

))
− f

(
q−1s, u

(
q−1s

))∥∥
∞

∫ 1

0

G (t, s) d̃qs

≤
(

Γ̃q(α)

Γ̃q(α + 1)
− ηqβΓ̃q(α + β)

Γ̃q(α + β + 1)

)∥∥f (q−1s, un
(
q−1s

))
− f

(
q−1s, u

(
q−1s

))∥∥
∞ .

For each t ∈ C[0, 1], the function s → G(t; s) is integrable on [0, 1], then the

lebesgue dominated convergence theorem imply that :

|Fun (t)− Fu (t)| → 0, as n→∞,
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and hence

lim
n→∞

‖Fun − Fu‖∞ = 0.

Consequently, F is continuous.

Step 2. F transformed Ω by a bounded set of C([0, 1],R+),

|Fu (t)| ≤ max
0≤t≤1

{
∫ 1

0

G (t, s)
∣∣f (q1s, u

(
q−1s

))∣∣}d̃qs
≤ max

0≤t≤1
P (t)ψ(|u|)

∫ 1

0

G (t, s) d̃qs

≤ max
0≤t≤1

P (t)ψ(|u|)
(

Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)

)
,

consequently,

‖Fu‖ ≤ ψ(u) ‖P‖
(

Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)

)
.

Step 3. F transformed Ω in a set equicontinue of C([0, 1],R+).

Let f ∈ C([0, 1],R+), τ 1, τ 2 ∈ [0, 1] with τ 1 < τ 2 and u ∈ Ω. So we have

|F (u) (τ 2)− F (u) (τ 1)| ≤
∫ 1

0

G (τ 2, s)
∣∣f (q1s, u

(
q−1s

))∣∣
−
∫ 1

0

G (τ 1, s)
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤ P (t)ψ(|u|)

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs.

For 0 ≤ s ≤ τ 1 ≤ τ 2 ≤ 1, there exist a constant K > 0 we have :∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs ≤ (τα−1
2 − τα−1

1 )

[
1

Γ̃q(α + 1)
+
K

M

]
.

In the same way, for 0 ≤ τ 1 ≤ s ≤ τ 2 ≤ 1 or 0 ≤ τ 1 ≤ τ 2 ≤ s ≤ 1, we have:∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs ≤ (τα−1
2 − τα−1

1 )

[
1

Γ̃q(α + 1)
+
K

M

]
.



2. Nonlinear q-symmetric fractional differential equations of
Riemann-Liouville type 27

Then

|F (u) (τ 2)− F (u) (τ 1)| ≤
∫ 1

0

[G (τ 2, s)−G (τ 1, s)]
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤ P (t)ψ(|u|)

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs.

≤ P (t)ψ(|u|)(τα−1
2 − τα−1

1 )

[
1

Γ̃q(α + 1)
+
K

M

]
.

As τ 1 → τ 2 , the right-hand side of the above inequality tends to zeros.

Consequently, by alternative non-linear Leray-Schauder theorem 30. Then F

has a fixed point which is a solution of problem (2.1)-(2.2).
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2.4 An example

Example 39 Consider the following nonlinear fractional q-symmetric differen-
tial equation {

(D̃α
q,0u)(t) +

[
sin(
√

2t) + u2

u+1

]
= 0, t ∈ (0, 1),

u(0) = 0, u(1) = µ(Ĩβq,0u)(η).
(2.14)

With α = 1
2
, β = 1, η = 1

2
, q = 1

2
and

f(q−αt, u(q−αt)) = sin(
√

2t) +
u2(q−αt)

u(q−αt) + 1
.

As sin(
√

2t) are continuous positive functions ∀t ∈ (0, 1) the function f is jointly

continuous. For any u, v ∈ R. Then

∣∣f(q−αt, u(q−αt))− f(q−αt, v(q−αt))
∣∣ =

∣∣∣∣sin(
√

2t) +
u2

u+ 1
− sin(

√
2t) +

v2

v + 1

∣∣∣∣
=

∣∣∣sin(
√

2t)
∣∣∣ ∣∣∣∣ u2

u+ 1
− v2

v + 1

∣∣∣∣
≤ |u− v| .

So we have

w =
Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)

= 0.535714.

Hence, the condition (2.13) is satisfied with L1 = 1.

L1w = L1

[
Γ̃q(α)

Γ̃q(α + 1)
− ηqβ Γ̃q(α + β)

Γ̃q(α + β + 1)

]
= 1× 0.535714

< 1.

So by theorem 36 the problem (2.14) has a unique solution in [0, 1].



Chapter 3

Nonlinear q-symmetric fractional
differential equations caputo type

In this chapter, we deal with the following nonlocal q-symmetric integral bound-

ary value problem of nonlinear fractional q-symmetric differential equations

(cD̃α
q,0u)(t) + f(q−αt, u(q−αt)) = 0, t ∈ (0, qα), (3.1)

u(0) = 0, u(1) = µ(Ĩβq,0u)(η), (3.2)

where q ∈ (0, 1), 1 < α ≤ 2, 0 < β ≤ 2, 0 < η < 1 and µ > 0 is a parameter,
cD̃α

q,0 is the q-symmetric fractional derivative of Caputo type of order α, f :

[0, 1]× R+ −→ R+ is continuous.

Based upon a contraction mapping principle, Schauder’s and nonlinear alter-

native Leray—Schauder’s fixed point theorems. We obtain two various results of

the existence and uniqueness about the boundary value problem (3.1)-(3.2).

29
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3.1 Fundamental lemmas

First, we will define the integral solution of the problem (3.1)-(3.2).

Lemma 40 Let y ∈ C[0, 1], and

M = 1 +
µ

Γ̃q(β)
q(

β
2)ηβ > 0,

Then the unique solution of the boundary value problem

(cD̃α
q,0u)(t) + y(q−αt) = 0, t ∈ (0, qα), 1 < α ≤ 2, (3.3)

with the boundary condition

u(0) = 0, u(1) = µĨαq,0u(η), 0 < β ≤ 2, 0 < η < 1, (3.4)

is given by

u(t) =

∫ 1

0

G(t, s)y(q−1s)d̃qs, t ∈ [0, 1], (3.5)

such that G is a continous function and G(t, s) ≥ 0, (t, s) ∈ [0, 1]× [0, 1] where∫ 1

0

G(t, s)d̃qs �
µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β, (3.6)

Define the operator F : P → X as follows:

(Fu)(t) =

∫ 1

0

G(t, s)f(q−1s, u(q−1s))d̃qs. (3.7)

It follows from the non-negativenes and continuity of G and f that the operator

F : P → X satisfies F (P ) ⊂ P and is completely continous.
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3.2 Results of existence and uniqueness

Now, we will prove our first existence result for the problem (3.1)-(3.2) which is

based on Banach fixed point theorem.

We impose the following hypotheses :

(H1) f : [0, 1]→ R+ is a continuous function.

(H2) For all 1 < α ≤ 2, there exist a constant λ > 0 such that :∣∣f (q−1s, u(q−1s)
)
− f

(
q−1s, v(q−1s)

)∣∣ ≤ λ |u− v| , ∀s ∈ [0, 1] and ∀u, v ∈ R
(3.8)

(H3) There is a continuous function non-decroissante ψ : [0;∞) → [0;∞), and

a function P ∈ C([0, 1],R+) such that∣∣f(q−1s, u(q−1s))
∣∣ ≤ P (t)ψ(|u|), for evry s ∈ [0, 1], u ∈ R. (3.9)

Theorem 41 Assume the hypotheses (H1), (H2) hold. We give 1 < α ≤ 2, 0 <

β ≤ 2, 0 < η < 1 such that

λ

(
µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

)
< 1. (3.10)

Then the problem (3.1)-(3.2) admits a unique solution on [0, 1].

Proof. To begin the proof, we will transform the problem (3.1)-(3.2) into a

fixed point problem u = Fu and Fu define by :

Fu (t) =

∫ 1

0

G (t, s) f
(
q−1s, u

(
q−1s

))
d̃qs.

Because the problem (3.1)-(3.2) is equivalent to the fractional integral equation

(3.7), the fixed points of F are solutions of the problem (3.1)-(3.2).

Let u, v ∈ C [0, 1] , There for all t ∈ [0, 1] :

|Fu (t)− Fv (t)| =

∣∣∣∣∫ 1

0

G (t, s)
[
f
(
q−1s, u

(
q−1s

))
− f

(
q−1s, v

(
q−1s

))]
d̃qs

∣∣∣∣
≤

∫ 1

0

G (t, s)
∣∣f (q−1s, u

(
q−1s

))
− f

(
q−1s, v

(
q−1s

))∣∣ d̃qs
≤

∫ 1

0

G (t, s)
∣∣u (q−1s

)
− v

(
q−1s

)∣∣ d̃qs,
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Then

‖Fu− Fv‖∞ ≤ λ ‖u− v‖∞
∫ 1

0

G (t, s) ds

≤ λ ‖u− v‖∞

[
µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

]
≤ λ ‖u− v‖∞ .

This implies that by (3.10), F is a contraction operator.

Using Banach contraction principle, we deduce that F admits unique fixed point

which is the unique solution of the problem (3.1)-(3.2).

The next existence result is based on the nonlinear alternative of Leray-

Schauder type.

Theorem 42 Assume the hypotheses (H1), (H3) hold. We give 1 < α ≤ 2, 0 <

β ≤ 2, 0 < η < 1 and ρ > 0 such that

ρ

ψ(ρ) ‖P‖
(

µ

M Γ̃q(α+β)
q(

α+β
2 )ηα+β

) > 1

Then the problem (3.1)-(3.2) has at least one solution on C[0, 1].

Proof. Let Ω1 = {u ∈ X : ‖u‖X < ρ} .
It is esay that the subset Ω1 is closed and convex, we new proved that F satisfed

the conditions of the Leray-Schauder Alternative fixed point theorem 30 with

F : C([0, 1],R+)→ C([0, 1],R+)

u→ Fu (t) =

∫ 1

0

G (t, s) f
(
q−1s, u

(
q−1s

))
d̃qs.

This could be proved through three steps :

Step 1.F is a continuous operator. Let (un)n∈N be real sequence such that

lim
n→∞

un = u in C[0, 1]. Then for each t ∈ C[0, 1].

|Fun (t)− Fu (t)| =

∫ 1

0

G (t, s)
∣∣f (q−1s, un

(
q−1s

))
− f

(
q1s, u

(
q−1s

))∣∣ d̃qs
≤

∥∥f (q−1s, un
(
q−1s

))
− f

(
q−1s, u

(
q−1s

))∥∥
∞

∫ 1

0

G (t, s) d̃qs

≤
(
µq(

α+β
2 )ηα+β

M Γ̃q(α + β)

)∥∥f (q−1s, un
(
q−1s

))
− f

(
q−1s, u

(
q−1s

))∥∥
∞ .
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For each t ∈ C[0, 1], the function s → G(t, s) is integrable on [0, 1], then the

lebesgue dominated convergence theorem imply that :

|Fun (t)− Fu (t)| → 0, as n→∞,

and hence

lim
n→∞

‖Fun − Fu‖∞ = 0.

Consequently, F is continuous.

Step 2. F transformed Ω1 by a bounded set of C([0, 1],R+),

|Fu (t)| ≤ max
0≤t≤1

{
∫ 1

0

G (t, s)
∣∣f (q1s, u

(
q−1s

))∣∣}d̃qs
≤ max

0≤t≤1
P (t)ψ(|u|)

∫ 1

0

G (t, s) d̃qs

≤ max
0≤t≤1

P (t)ψ(|u|)
(

µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

)
.

Consequently,

‖Fu‖ ≤ ψ(u) ‖P‖
(

µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

)
.

So F (Ω1) is bounded and F (Ω1) ⊂ Ω1.

Step 3. F transformed Ω1 in a set equicontinue of C([0, 1],R+).

Let f ∈ C([0, 1],R+), τ 1, τ 2 ∈ [0, 1] with τ 1 < τ 2 and u ∈ Ω1. So we have

|F (u) (τ 2)− F (u) (τ 1)| ≤
∫ 1

0

G (τ 2, s)
∣∣f (q1s, u

(
q−1s

))∣∣
−
∫ 1

0

G (τ 1, s)
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤ P (t)ψ(|u|)

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs.

For 0 ≤ s ≤ τ 1 ≤ τ 2 ≤ 1, there exist a constant K > 0 we have :∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs ≤ (τ 2 − τ 1)

[
−1

Γ̃q(α)M
q(

α
2) +

µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

]

−(τα2 − τα1 )

[
1

Γ̃q(α)
q(

α
2)

]
.
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In the same way, for 0 ≤ τ 1 ≤ s ≤ τ 2 ≤ 1 or 0 ≤ τ 1 ≤ τ 2 ≤ s ≤ 1, we have:∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs ≤ (τ 2 − τ 1)

[
−1

Γ̃q(α)M
q(

α
2) +

µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

]

−(τα2 − τα1 )

[
1

Γ̃q(α)
q(

α
2)

]
.

Then

|F (u) (τ 2)− F (u) (τ 1)| ≤
∫ 1

0

[G (τ 2, s)−G (τ 1, s)]
∣∣f (q1s, u

(
q−1s

))∣∣ d̃qs
≤ P (t)ψ(|u|)

∫ 1

0

[G (τ 2, s)−G (τ 1, s)]d̃qs.

≤ P (t)ψ(|u|)(τ 2 − τ 1)

[
−1

Γ̃q(α)M
q(

α
2) +

µq(
α+β
2 )ηα+β

M Γ̃q(α + β)

]

−P (t)ψ(|u|)(τα2 − τα1 )

[
1

Γ̃q(α)
q(

α
2)

]
.

As τ 1 → τ 2 , the right-hand side of the above inequality tends to zeroa,by Leray-

Schauder theorem 30. Then F has a fixed point which is a solution of problem

(3.1)-(3.2).
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3.3 An example

Example 43 Consider the following nonlinear fractional q-symmetric differen-
tial equation{

(cD̃α
q,0u)(t) +

[
eq
−αt

3
sin2(q−αt)u(q−αt)

]
= 0, t ∈ (0, 1),

u(0) = 0, u(1) = µ(Ĩβq,0u)(η).
(3.11)

With α = 2, β = 1, η = 1
2
, q = 1

2
, t = 1

2
, µ = 1 and

f(q−αt, u(q−αt)) =
eq

−αt

3
sin2(q−αt)u(q−αt).

As sin2(q−αt) are continuous positive function ∀t ∈ (0, 1), the function f is

jointly continuous. For any u, v ∈ R. Then

∣∣f(q−αt, u(q−αt))− f(q−αt, v(q−αt))
∣∣ =

∣∣∣∣∣eq
−αt

3
sin2(q−αt)u− eq

−αt

3
sin2(q−αt)v

∣∣∣∣∣
≤ 1

3

∣∣∣eq−αt sin2(q−αt)
∣∣∣ |u− v|

≤ 1

3
|u− v| .

So we have

w =
µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β

= 0.0315.

Hence, the condition (3.10) is satisfied with λ = 1
3
.

λw = λ[
µ

M Γ̃q(α + β)
q(

α+β
2 )ηα+β]

= 0.0105 < 1.

So by theorem 41 the problem (3.1) admits unique solution in [0, 1].



Conclusion

In this memory we have presented the basic notations, definitions and proper-

ties concerning q-symmetric fractional calculus and some results of existence and

uniqueness of solutions to the problem at the limits for q-symmetric fractional

differential equations involving Riemann-Liouville and Caputo q-symmetric frac-

tional derivative with boundary and integral conditions.

For our discussion, we have used Schauder, Krasnoselskii, Leray Schauder

Alternative fixed point theorems and the Banach contraction principle.
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