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Introduction

Al-Salam started the fitting of the concept of g-fractional calculus. After that
he ([12],[13]) and Agarwal [?] continued by studying certain g-fractional inte-
grals and derivatives.Recently, perhaps due to the explosion in research with
in the fractional calculus setting, new developments in this theory of fractional
g-difference calculus were made specifically,
There are two types of quantum calculus: the g-calculus and the h-calculus.
In this paper we are concerned with the g-calculus. the g-calculus based on the
notion of the g-derivative
fgz) — f(=)
x(g—1)
where ¢ is a fixed number different from 1, x # 0 and f is a real function. In
contrast to the classical derivative, which measures the rate of change of the
function of an incremental translation of its argument, the g-derivative measures
the rate of change with respect to a dilatation of its argument by a factor ¢. It
is clear that if f is differentiable at « # 0, then
£(x) = lim fazr) = flz)
—1  z(qg—1)

for a fixed ¢ €]0, 1] and x # 0 the ¢-symmetric derivative of a function f at point
t is defined by
flgz) — flg"'2)
x(q—q7)

Y

the ¢-symmetric derivative has important properties for the g-exponential func-
tion which turns out to be not true with the usual derivative.

The basic theory of g-symmetric quantum calculus needs to be explored. The
object of this paper is to define a fractional ¢-symmetric operator corresponding

to the g-symmetric analog of fow f (t)(zqt. Besides this we shall investigate the
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Introduction 2

fundamental properties of this operator. A study of these fractional g-symmetric
operators is expected to be of great importance in the development of the ¢-
function theory, which plays an important role in combinatory analysis.

This thesis master is organized as follows.

In chapter 1 we state the basic notations, definitions and properties concern-
ing fractional ¢-symmetric calculus (¢-Gamma and ¢-Beta functions, Riemann-
Liouville, Caputo, g-symmetric fractional integral and derivative), which are
used throughout the thesis to obtain our results.

Next, in chapter 2, we will discuss the existence and uniqueness of the fol-
lowing nonlocal ¢-symmetric integral boundary value problem of nonlinear ¢-

symmetric fractional differential equations

{<Egou><t>+f< “tu(gt) =0, te(0,q%),
w(0) =0, u(l) = u(I)ou)(n),

Whereqe(() 1),1<a<20<f<20<n<1,and g > 0 is a parameter,
D“0 is the g-symmetric derivative of Riemann-Liouville type of order a, f :
[0,1] x RT — R* is continuous.

Finally, in the last chapter we will study the following nonlocal ¢g-symmetric
integral boundary value problem of nonlinear g-symmetric fractional differential
equations

{ (“Dgow)(t) + flg™t,ulg™1)) = 0, 1€ (0,q%),
u(0) =0, u(l) = u(Ieu)(n),

whereq € (0,1),1 <a<2,0<<2,0<n<1,and p > 0is a parameter, 05;0
is the g-symmetric derivative of Caputo type of order a, f : [0,1] x RT — R*
is continuous.

Some existence and uniqueness results of solutions for the given problems are
obtained by using the Banach contraction principle, Schauders, Schaufer fixed
point theorem. Several examples are presented to illustrate the usefulness of our

results.



Chapter 1

Basic definitions of g-Fractional

Calculus

The first chapter will deal with the basic notations, definitions and proper-
ties concerning fractional ¢g-symmetric calculus (¢-Gamma and ¢-Beta functions,
Riemann-Liouville, Caputo, g-symmetric fractional integral and derivative), which

are used throughout the thesis.

1.1 Notations of g-symmetric fractional calcu-

lus

For a real parameter ¢ € R*\{1}, we introduce a g-real number [a] by

- 1 — q2a
[a], = 12 (a € R).
For a nonnegative integer n,
0],! =1, [n],!=n],[n—1],.[1],

Also, the g-symmetric analog of the power (a — b)¥ is

(a—b) =1, (a—0) :ﬂ(a—bq%“), (k € Nya,b € R).

=0

Their natural expansions to reals are

N ® (1 _ b 2i+1
(a . b)( ) — aa H’L—O( aq' ) ,
H:io(l _ §q2(z+a)+l)

(. € R, a#0). (1.1)



1. Basic definitions of g-Fractional Calculus 4

Definition 1 (¢-Gamma function, see [7]) The g-symmetric gamma func-

tion is defined by

_ © (1 — 2it? B
Fa) = A=) o
Hz‘:o(l —q (iFz=1)+ )

— 09" Y-, (@eRJ0,-1,-2,.)). (12)

Obuiously,

T =1 (1-¢*)° =1, Tya+1) =[],

Definition 2 (¢-Beta function, [7]) For any x,y > 0,

1
B,(z,y) /0 He=D (1 — gtV

Ly (2)0y(y)
Balww) = (z+y)
Therefore, L
B(a,y) = Ig(@)g(y) _ T()Tq(y) (1.3)

Ig(z +y) T,(z+y)

1.2 The ¢-symmetric analogs of Cauchy’s for-

mulas

The basic ¢-symmetric integrals are defined through the relations

(Ipof)(z /f r(1—¢° Zq%f 2 (1.4)

(Gyof) /f dt—/f dt—/f

Definition 3 (see [3]) Let f be a real function defined on I (I be a interval of
R). The q-symmetric difference operator of f is defined by

flaz) = f(5)
w(g—3)

(Dof)() = (Dyf)(0) = £(0), (1.5)

We usually call (ﬁq f) the q-symmetric derivative of f.
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Example 4 Let f be a real function defined on I such that
fx) = a?,

The q-symmetric differance operator of f is

(Dyf)(x) = Dy
(qz

_ fE(q e
(¢—3)
We take q = %,
(Buf)(w) = T

The g-symmetric derivatives of higher order as

(D§f) (@) = f(z), (Dpf)(z) = (DyDy " f)(x), n€N*,

As for g-symmetric derivatives, we can define an operator I}’ by
(10 N (@) = f(x), (7, N)(@) = (Thal (@), n € NT. (1.6)

Corollary 5 (see [3]) If f : I — R is continuous at 0, then for s € |a,b] the

series
+oo
Z q2nf(q2n+18)
n=0
is uniformly convergent on I and f is q-symmetric integrable on |a,b].

Theorem 6 (see [3]) (Fundamental Theorem of the q-symmetric Integral cal-

culus). Assume that f : I — R is continuous at 0 and for each x € I, define

Fe) = (Tpof)(t /f

Then (1:;70 f) is continuous at 0, with

(Dylyof)(x) = f(z), (IgoDyf)(x) = f(x) — f(0). (1.7)
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Furthermore, D,[F)(z) exists for every x € I with D,[F)(x) = f(z). Conversely,

forall a,b e 1.

| Bsiod = 10) - (0

Proof. By Corollary 5, the function F is continuous at 0, if x € I\{0} then

S P P e (O el P (0L
+oo
= (2%[(1 —)gx > " (" ga)
q )l’ n=0
+o0o
—A=g)g 2 ¢ f (@ g )]
+00 n:[)«#oo
_ Z q2”f(q2"x) _ Z (]2n+2f((]2n+21‘)
n=0 n=0
+0o0
_ Z[Qan(q%Lw) _ q2(n+1)f(q2(n+1)$)
n=0
= [f(z).
If x =0, then
~ F(h)—F(0
B,[FI(0) = tim T T
+o0o
lim %(1 — Y @ f (D)
n=0

+oo
: 2 2n 2n+1
lim(1 — ¢ )Zoq Fg*+h)

+o0
(1—¢?) ZqQ"f(O) (by the continuity of f at 0)
n=0

1

1 — 2

£(0).

f(0)
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Finally, since for x € I,

/: Dyfl0dt = (1=a*a Y ¢* Dylfl(a" ' x)
. _ 2n 2n+1 ) f(q 1q2n+1 )
— (- Zq o
+o0
= YU (@e) — F(P )]
= f(z) = f(0),
we have
b N b
[ Bunwar = [ Banwas- [
= f(b) a
[

Theorem 7 (see [3]) Let f,g: 1 — R be qg-symmetric integrable on I,a,b,c €
I and&,ﬂGR Then

1. [ f(t)dt =0

e R (U1

3ff dt_ff dt+ff

4. [l af + Bg)(t)dyt = a [ f(2) dt+5ffg<t>dqt

5. If D,[f] and Dylg] are continuous at 0, then

b _ " b _
/ a0, = F(Hg(®) |! — / B0 glat)dy

We call this formula q-symmetric integration by parts.
Proof. Properties 1-4 are trivial. Property 5 follows from Theorems 6:
Dy[f9)(t) = Dy[f1(D)g(at) + f(a~"t) Dylg] (1)
= (a7 D) Dylg)(t) = Dyl f9)(t) = Dyl f1(t)g(at)

:>/f1t . }”/D
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Remark 8 (see [3]) In general it is not true that if f is a positive function on

[a,b], then
b
| rwdi =0

Example 9 Consider the function f defined in [—1,1] by

1 if t=4%
ft)=3 6 if t=¢
0 if tel[-1,1\{3 3

For q = % this function is q-symmetric integrable because is continuous at t = 0

ﬁf(t)gqt - /f dt—/ 0

3 1
= Zx1=2Z2
4>< 4:><6
_ 3
- 1

Lemma 10 Using (1.1) and (1.4), we may obtain the very useful examples of

the q-symmetric derivatives of the next functions:

5" L. |
Dy(x—a) " =] ]q(q ) ) (1.8)
~ T T (e

e AT (1.9)

Next, we consider the form of the multiple ¢-symmetric integration as follows:

(I f)(a / dt/ gt 1/ 2.../t2 dyty. (1.10)

Theorem 11 (see [7]) The form of the multiple q-symmetric integration (1.10)

15 equality to

(Ijof) (@) =

n

q(2> /01’ (x — T)(n_l)f(qnflT)(ZqT, (1.11)

ny I'(n+1)
<kz) S Tk+DI(n—k+1)

where
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1.3 The fractional ¢g-symmetric integral opera-

tor

Definition 12 the fractional q-symmetric integral operator,

[o)@) = = (2) xﬁ(a_l) ~19q 1 (a + .
Tjof)a) = g [T i, e,
where
ay INa+1)
(k’) T+ DM(a—k+1) (k € N).

To prove the semigroup property of the fractional g-symmetric integral, we need

Lemma 15.

Lemma 13 (see [7]) For p,a, 3 € R, the following identity is valid

o0

Z (1—pg' )01 - uqH")(ﬂ‘”qan _ (1 pg)eti
1_q a— 1)(1_(])( 1) (1_q)(a+ﬁfl) )

n=

where - )
— .o Hi:o(l - ng)

HZo(l o gqaﬂ)’

Theorem 14 ([7]) Let a, 8 € RT.The fractional q-symmetric integration has

(a —b)@ (a,b € R,a#0).

the following semigroup property:
(Igolool) (@) = (Ig5" f)(x).

Theorem 15 ([7]) For a € R*, the following identity is valid

(o)) = (T Duf)e) + ==—=—qi)ae.
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Proof. Using the ¢g-symmetric integration by parts and (1.9), we obtain
1 o

o)) = = %J/Wm—rfk?ﬂwlﬂ%r
E - /f“1 (- )
_ _____<> )
fq(a+1)q (—(z—qt1) " flg®T)[§

R e GO aNT
+/q(m—ﬂ D, f(¢")d,)
0
1 ()

N 3 YA pramprees o AU TN
fq(a+1)q (—(r—q7'7) f(¢")

+¢vmwﬁlq%x—ﬂ“*;

— ([t D T L N A— (2)130‘,
(g0 Dof)(x) + Fq(a+1)q

1.4 The fractional g-symmetric derivative

1.4.1 The fractional g-symmetric derivative of Riemann-

Liouville

Definition 16 the fractional q-symmetric dervative of Riemann-Liouville type
of a function f(x) define by

(L5 ) (@), a <0,

(DSof)() =1 fla), a=0, (1.13)
(Dyplys “f)(x), a>0.

Here [a] denotes the smallest integer greater than or equal to «.
Lemma 17 ([7]) For a € RT and A € (—1,00), the following is valid

T,(A+1)

i fa 33)\ — Nq—q<3)+/\ocx/\+a‘
(0) Zgo T,(\+a+1)
= f A 1 —a
(i) Dogr* = 1T () ape gy 140),

'[(A—a+1)



1. Basic definitions of g-Fractional Calculus 11

Proof. (i) For A # 0, according to (1.12), we have

fo* = = [T i
0

1 a ra-1) [* 7o) F AL /r
- e [T ()
T,() 0 x x x

1
« 0

Q
A~ | =

Let ¢> = ¢, by (1.4), (1.2), and Definition 2, we get

1 oo i
/ (1 - 3)((1_1)8/\qu = x(l _ q2) E qQk(l — q2k+1)( 1)q)\(2k+1)
0

k=0
o0 00 | _ 2(k+it1)
_ 2 2 2k q 2Xk
= ¢ (=) > [ 1w
k=0  i=0
A o 00 1_qk}+z+1
_2 _k —
= 4 (1—61) ZC] Hl Zktita
k=0  i=0
N (0. ]
= g (1-7) Y g"(1—g"")g*
k=0
N
— 52/(1 qz) Yt doa
R 0
_ Zg(@)Ty(A+1)
FfA+a+1)

Hence, we obtain the required formula for ffgfow(”when A # 0.
If A\ =0, then using (1.9), we have

~ 1 a w—(a—l)’v
%1 = = q(2)/ Tr—T d,T
q,0 Pq(oz) 0 ( ) q
~ (@)
N e D (x—1 ~
- Lo o8 g,
Lg(c) 0 —[a],
_ o [T (@) _
= = ! q<2) Dy(x Z) dyT
Fy(a+1) 0 q
= — 1 q(g)xa,
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(77) By (i) and (1.13) and (1.8), we get

Dgoa) = DIy (")

F,0+[a] —a+1)
F,A+1 [o]~a o]—a) Mo o]—a
= = q< q( 2 >q>\([ ] )D([J ]($)\+[ ] )
F,O\+la]—a+1)
_ _ Fy(A+1) (MZ_D‘)q/\([oz]fa)q—([a];l)—[a}()\—a—l)

]
Theorem 18 ([7]) For a € R\Ny, the following is valid
(DyDjof)() = (Dgg' f)(w)-

Proof. We consider three cases. For o < —1, according to Theorem 15 and
(1.7), we have

(DyDS,o f) ()

In th case —1 < a < 0, we obtain
(DyDgof)(@) = (Dlygf)(x)
= (Daly™" (@)
= (D' f)(@).
For a > 0, we get

(DyD2of)(x) = (DD f)(x)

9, q

= (Dyg' ().
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Theorem 19 ([7]) For a € R\Ny, the following is valid

(D, D% f)(x) = (D2 Dy f)(x) + %q(gﬂ))x—aﬂ_

Proof. Let us consider two cases. For a < 0, we have

(D,D2of)(@) = (DyLgf)()
= DI, ¢(I,oDef)(x) + £(0)]
= (Dol § 150D, f)(x) + f(0)(DyI 1)
— (DL gDy f)() + F(0)g(#)g <a+1>;_5qﬂ

Ly(=a)[=a],

= 5a0ﬁq ( ) (a—H)—l pmo !
(D3oDuf)(@) + £ (0)q N

—(a2+1))~1 .
Ly(—a)

If @« > 0, there exists [ € Ny, such that o € (I,/ 4+ 1). Then applying a similar

— (D2yDyf)(x) + F(0)gl

procedure, we get
(DyDjof)w) = (DD 5" )()
_ Dl+2fl+1 a[( OD f)( )+f(0)]

S S e
= (BT Do) + 1O s <Dg+2 [ e

F(l+1-a
N+27i+2—a 7 (Hl? a) n+2, I+1—a
= (D" Iy5 “Dyf)(z) + f(O )m(Dq x )
— (DD )z () _ 1 i
(DiaDuf)(w) + FO)L ) s

u
Theorem 20 ([7]) For a € R\Ny, the following is valid
(Dgolyof)(@) = f():
Proof.

(Dyolgof)@) =

)
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Theorem 21 ([7]) Let o € (0,1). Then
(IgoDgof)(x) = f(a) + K,

Proof. Let
A(x) = (IgoDgof)(x) — f(x).
Apply 5(‘;0 to both sides of the above expression, and using Theorem 20, we get

(DS)A(x) = (DgoIsaDsof) () — (DS f)(2)
= (DSof)(x) — (Do) ()
= 0.

On the other hand,
fo——=(-a) , 4 ya-17
/ (x —71) %
0

mi o amr i Y —a 2m a—
"z — i) (g )

hE

= z(1-¢%

= (1-¢% (1 — q2m+1)(_a)<q*aq2m+l)a71'

MLE

0

3
I

Using the above form and according to (1.1), (1.12), we obtain

o a—1 N 7l—a a—1
Dy yx = Dyl "z

I G IS B promen (S J S g
Dqyq fq(l—a)/o ( ) (q ) dy

= 0.
Hence A(z) = Kz*'. m

Theorem 22 ([7]) Let a € (N — 1, N]. Then for some constants ¢; € R, i =
1,2, ..., N, the following equality holds

(};Oﬁgof)(a:) = f(o) +ex®t + e 2+ L ey N, (1.14)
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Proof. By Theorem 15 and Theorem 21, we have

(I;OD;;,OJC)(ZE) = (]ZoDéVIévo “f)(x)
S a—zy DNLIN=a £((0)
= (I3 DY f) () — ) T e
Fo(a—1)
AN TN—«
_q(l a) Dq {qo (0) :L‘ail
B [y(a)
a— 1 5 TN—O[
(D) — o) Dol IO e
Iy(a—N+2)
AN—-1TN—«a
_q(agl) Dév ’1\/[%0 (0) a—1
Pq(a)
= f(x)+ x4 e 2+ 4 ey N,
[]

1.4.2 The fractional g-symmetric derivative of caputo type

If we change the order of operators, we can introduce another type of fractional

g-derivative.

Definition 23 The fractional q-symmetric derivative of caputo type is

) (Lof) @),  a<o,
(D2f)@) =< f(a), 0 =0, (1.15)
(17D f)(z), a > 0.

Here o] denotes the smallest integer greater than or equal to c.
Theorem 24 ([7]) For a € R\Ny, and z > 0, the following is valid

_ - SO (%) pmamt < -1
Mﬁ#ﬁ@ww%mmewz{rﬂwq oo A=

0, a > —1.

(1.16)
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Proof. Clearly, (1.16) holds for & = —1. Next, we will consider three cases.
(7) If & < —1,according to (1.15),(1.9) and (1.7), we have

By N = (G577 @)
= I, (LoDaf (2) + £(0))

_ (f<DH FO) (o e
= (I8 Dyf)(z) + = > a
(10 Daf)( %+Fq010q

= (“DgoDof) () + =

(73) If =1 < o <0, we obtain

(D' @) = (I "VD,f)(x)

= (“D§oD,f)(x).

(1i1) If @« > 0, we assume « = n+e,n € Ny,0 < e < 1, then a+1 € (n+1,n+2),

so we obtain
(D' N@) = LDy )))
= (10" Dy Dof) ()
= (“DgoDqf) ().
|
Theorem 25 ([7]) For a € R\Ny, and = > 0, the following is valid

D[a]f(o) ( (a+1)) a1

(DD f)(@) - (DL ) = { T ™ " T @7 Ty
0, a< —1.
Proof. We will consider two cases.
(1) a < 0, using Theorem 15, (1.15), (1.7), and (1.9), we obtain
(D Dgof) (@) = (D5 f)()
n 7-a+17 f 0 )N —a
= (DI Duf) ) + ﬁ% D,
cPha M f(o) (_Q) 1+a7 7 .—a—1
= D% D B S — _
(qpqﬁ@Hﬁ}Fa+Dq q =alz

cPa 1M f(O) (7(0‘+1)) —a—1
= D ODCI’ T)+ = 2 T .
( q, )( ) Fq( )q
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By Theorem 24, the required equalities are valid both for « < —1 and -1 < a <
0.

(i) « > 0, weassume a« =n+¢e, n € Ng, 0 <e <1, thena+1€ (n+1,n+2),
by Theorem 15,(1.15),(1.7) and (1.9), we obtain

(DyDgof) (@) = (Dylyy* Dyt f)(x)

= (Dyly Dy f)(x) + - Dy('™)

F
. <05?,31f><x>+?"+1f O 03¢
F,2—o)"
D f(0) o
q
T,(n+1—a)

n-‘r f( §q< E)

»Q

= "Dy f)(@) +
|

Theorem 26 ([7]) Let « € (N — 1, N]. Then for some constants ¢; € R, i =
0,1,...., N, the following equality holds

(ICY CDO‘Of)( )= f(z) +co+cax+cr®+ ... Feya !
Proof. By (1.15), (1.7) and (1.8), we have

(I8°D2of)(x) = (1IN DY f)(x)
= (IDY (=)
= INHDY ) (x) — (DY F)(0))

= (L5 "Dy~ f)(@) = N1 x
- C29(Dr-2)(0)

— N—-2n)N-2 q q ‘TN,Q

= (Lo Dy (=) N3




Chapter 2

Nonlinear ¢g-symmetric fractional
differential equations of

Riemann-Liouville type

In this chapter, we deal with the following nonlinear g-symmetric integral bound-

ary value problem of nonlinear g-symmetric fractional differential equations
(Dgou)(t) + fla"t,ulg™ 1)) =0, t€(0,q"), (2.1)

u(0) =0, u(1) = u(Ieu)(n), (2:2)
where ¢ € (0,1), 1 <a<2 0<8<2 0<n<1andp >0 isa parameter,
5;0 is the g-symmetric derivative of Riemann-Liouville type of order a, f :
[0,1] x Rt — R* is continuous.

Based upon a contraction mapping principle, Schauder’s and nonlinear alter-
native Leray—Schauder’s fixed point theorems. We obtain three various results

of the existence and uniqueness about the boundary value problem (2.1)-(2.2).

2.1 A few theorems of fixed point

In this section we have different tools of the theory of functional analysis used by
following contraction principle of Banach, equicontinuity, theorem of Schauder,

theorem of d’Arzela Ascoli... etc.

Definition 27 Let (E,d) a complete metric space and F : E — E a continue
mapp.

18
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i) We say that v € E is a fixed point of F if f(u) = u.
it) We say that F is contractante if F lipschiz raport 0 < L < 1, i.e there is
0 < L <1, such that

Vu,v € E,d(F(u), F(v)) < Ld(u,v), 0 < L < 1.

Definition 28 (completely continuous) Let X andY two Banach space and
F: X — Y a mapp define X a value in F. We say that F is completely
continuous if she is continuous and transform any bounded of Y in a relatively

compact set in'Y. F is said to be compact if F(X) is relatively compact in Y.

Theorem 29 (Banach see [9] ) Let X a Banach space, and a contractant op-
erator F': X — X. So F' admits a unique fixed point.

1.e Alu € X such that Fu = u.

Theorem 30 (Leray Schauder Alternative see [9]) Let X a Banach space,
C a subset convex in X, U is a open subset in C and 0 € U. Assume that

F :U — C a continous and compact operator (F(U) is relatively compact of C

). So
i) F admits a fived point of U. or
ii) There is a uw € OU and X € (0,1) with u = \F(u).

Lemma 31 (Krasnoselskii [7]) Let E be a Banach space, and let P C E be
a cone. Assume Qi, Qs are open subsets of E with € Q, C Q; C Qo, and let
F: PN (Q\Q) — P be a completly continous operator such that

|Ful| > ull, we PNOoSY, and
[Ful| < flull, uwePnoQs.

Then F has at least one fived point in P N (Q\Q1).

Theorem 32 (Ascoli-Arzela [9]) Let A a subset of C(J,E); A is relatively
compact in C(J, E) if and only if the following conditions are verified:
i) The set A is bounded. i.e there is a constant K > 0 such that:

Ilfll < K forevryxzeJ and f € A.
ii) The set A is equicontinuity. i.e for evry e > 0, there is § > 0 such that
[ti —ta| <6 = || f(t1) — f(ta)|| < € for evry t1,ts € J and f € A.

iii) for evry x € J the set {f(x), f € A} C E is relatively compact.
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2.2 Fundamental lemmas

We now present some lemmas which will be useful to achieve our main results.
Lemma 33 ([7]) Lety € C|0,1], and

M =T,(a+p) - un“+5—1q(§)+("‘_l)6fq(a) > 0.
Then the unique solution of the boundary value problem

(Deou)(t) +y(gt) =0, t€(0,¢%), 1 <a<2, (2.3)

with the boundary condition

u(0) =0, u(l) = ulu(n), 0< <2, 0<n<l, (2.4)
s given by
1
u(t) :/ G(t,s)y(qg 's)d,s, te€l0,1], (2.5)
0
where
Iuta—l
G(t,s) =g(t,s) + H(t,s), (2.6)
and
_ (a—1) (a—1)
1 (o) Y1 —s) —(t—3s) , 0<s<t<1,
g(t,s) = = ) ) (a—1) (2.7)
Ly(e) i 1—s) 7, 0<t<s<l,
——(a-1) s (a+f-1) 5
Hit, ) = np+i-1g(1) 5 (1 3)((171) (t—n~tq"s) , 0<s<nq”,
(1—3) ) 77q5<s<1.
(2.8)

Proof. In view of theorem 22 , we have

u(t) = et et — =

[y()

for some constant ¢y, ¢y € R. since u(0) = 0, we have ¢, = 0.

() /0 t =9 Yy t9)ds,te 0,1, (2.9)

Using lemma 17, theorem 14, we have

(Low)(t) = elgot™™ = (175 y)(a ")

_ 01~Fq(04) q(§)+(a—1)ﬁta+5—1

Ly(a+5)
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From the boundary condition u(1) = MIN(;fou(n), we get
fq(a + 6) 1 (a) /1 ——(a=1) , 4~
¢ = (=——a\* [ (1—s) Tylg s)dgs
1 M Fg(a) 0 !

P ) T ).
R /Om JO Dy (5 )d,s)

Hence

(a=1) , 1 \7
y(q 15)dq5

b sy [ (atB-1) L~
—’uM q( 2 )/ (n—s) y(qﬁ 1S)dq8
0

1 . Mtozfl 1 .
— / g(t, s)y(q’ls)dqs + / H(t, s)y(q’ls)dqs
0 M

= /0 G(t, s)y(q_ls)dqs.

According to the property of being non-increasing of (¢t — 5)(a) on s, we may

easily obtain lemmad4 and Lemma 35 as follows.

Lemma 34 ([7]) The function g(t,s) and H(n,s) satisfy the following proper-
ties:

(i) g(t,s) > 0,9(t,s) < g(s,5),0<t,s <1

(i1) H(n,s) > 0,0 <s <1
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Lemma 35 ([7]) The function G(t,s) satisfies the following properties:
(i) G is a continous function and G(t,s) > 0,(t,s) € [0,1] x [0, 1].
(i1) There ezists a positive function p € C((0,1),(0,400)) such that

mazoci1G(t,s) < g(s,s) + 17 H,5) = p(s).s € (0,1).

Define the operator F': P — X as follows:

(Fu)(t) = / Gt 5)f(q s, ulq™"s))dys. (2.10)

It follows from the non-negativenes and continuity of G and f that the operator
F : P — X satisfies F(P) C P and is completely continous.

2.3 Results of existence and uniqueness

In this section, we will prove the existence and uniqueness of the solution of
problem (2.1)-(2.2) in space C([0, 1], R"), we use contraction principle of Banach.
Let X = ([0, 1] be a Banach space endowed with norm ||u|| , = maxo<;<1 |u(t)].
Define the cone P C {u € X :u(t) > 0,0 <t <1}
We define F : C([0,1],RT) — C([0,1],RT) by:

u— Fu(t) = /0 G(t,s)f(q  s,u(qg™'s))d,s. (2.11)

and

W — fq(O‘) B fq(a‘i‘ﬂ)

Fa+D) " TfatpsD) (212

Theorem 36 Let f: [0,1] x Rt — R a continuous function hold: there exist

a constant L1 > 0 such that
(Hy) |f (q_ls,u(q_ls)) —f (q_ls,v(q_ls)” < Li|lu—v|, Vs € [0,1] and Yu,v € R

and
Liw <1, (2.13)

the problem (2.1)-(2.2) admits unique solution in [0, 1].
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Proof. To begin the proof, we will transform the problem (2.1)-(2.2) into a
fixed point problem v = Fu and F'u define by :

Fu(t) = /0 G(t,s)f (q_ls,u (q_ls)) dys.

Because the problem (2.1)-(2.2) is equivalent to the fractional integral equation
(2.10), the fixed points of F are solutions of the problem (2.1)-(2.2).
Let u,v € C'[0,1], for all t € [0, 1] we have:

/01 G(t.s)[f (¢ s,ulq's)) = f(a s, 0(q7's))] dys
< /OlG(tv s) |f (q’ls,u (qils)) — f (q*157v (qils)ﬂ Jqs

[Fu(t) ~ Fo(t)] =

< /0 G(t,s)|u(g"s) —v (g "s)]| cAl;s,
Then

1
[Fu-Fol, < Lifuol, [ Gts)ds
0

SR R VIC E VIC R
< Ly [ <fq(a+1) M fq(a+5+1)>

< Liwl|u—7l .

This implies that by (2.13), F' is a contraction operator.
Using Banach contraction principle, we deduce that F' admits unique fixed point
which is the unique solution of the problem (2.1)-(2.2). =

The next existence result is based on the Krasnoselskii fixed point theorem
31.

Theorem 37 ([7]) Let f(t,u) be a nonnegative continuous function on [0,1] x
R*. In addition, we assume that:

(Hy) There exists a positive constant vy such that
[t u) =2 ki, for (t,u) € [1,72] x [0,74],

where 71 = q"%, 79 = ¢"* with ms, my € Ng,mz > my >0, and

qT2 Msafl . -1
- <q—1 [ ot + H(n,s>dqs) .
q M

T1
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(Hs3) There exists a positive constant ro with ro > r1 such that
f(t,u) < Lry, for (t,u) € [0,1] x [0, rs],

where
——(a—-1)

LG T =) N\
= q ﬁ S S .
e ([ )

Then the boundary value problem (2.1),(2.2) has at least one positive solution ug

satisfying
0 <7r < uglly <o

Proof. By Lemma 34, we obtain maxo<i<19(t,s) = g(s, s).
Let Q) = {ue X :|ul|y <r}. For any u € X N9y, according to (Hs), we

have

ITully = max( / gt ) (q s, ulq™s))d, s

0<t<1

b [ H ) s a9
> [t 4 S H sl )
00 2k+1\a—1
= 1-¢) [Z (@ ) + %H(n,q%“)l F@®, ul®))

- 1 s a5) + " 00| 5006
> kry /01 {g(qs,qs) + %WH(%(JS)} dg2s

qT2 s a—1

= qlkrl/ lg(s,s) + %H(n,s)]dqzs
qT1

—_= Tl

= lullx

Let Q2 = {u € X : |Jully <r2}. For any u € X N 0y, according to (Hs), we

have

maxosi<t fy Gt 9)f(q7"s ulg™s))dys
LTZ fol IO(S)qu

lullx = r2.

I Tull.,

IAINA

Now, an application of lemma 31 concludes the proof. m
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The last existence result is based on the Leray-Schauder Alternative fixed

point theorem 30.

Theorem 38 Let f:[0,1] x RT — R a continuous function such that
(Hy) There is a continuous function non-decroissante 1 : [0; 00) — [0;00), and
a function P € C([0,1],RT) such that

‘f(q_ls,u(q_ls))| < P(t)Y(lul), for evry s € [0,1],u € R.

(H5) There is a constant Ly > 0 such that

Lo
Ty(a) 3_Tq(a+B) > 1
U(La) ||1P| (m =14 m)

So the problem (2.1)-(2.2) has at least one solution on C[0,1].

Proof. Let = {u € X : ||ul|y < Lo} and L, is taked by (Hs).
It is esay that the subset € is closed and convex, we new proved that F satisfed

the conditions of Leray-Schauder Alternative fixed point theorem 30 with

F:C([0,1],RT) — C([0,1],R")

u— Fu(t) = /0 G(t,s) f (g7 s,u(q"s)) dys.

This could be proved through three steps :
Step 1.F is a continuous operator. Let (uy),y
lim u,, = w in C[0, 1]. Then for each t € C10, 1].

n—oo

be real sequence such that

|Fu, (t) — Fu (t)] = /0 G(t,s)|f (g s,un (¢77s)) = f(¢"s,u(g7s)) } cﬂs
I (a7 s un (47's)) = f (qlsaU(QIS))“oo/O G (t,5) dys

<~ Lole) _ o Tyl ﬂ))) 1f (0 soun (a7's)) = £ (a7 s,u(a7's)) ||

L(a+1) Tya+p+l

IN

IN

For each t € C]0,1], the function s — G(t;s) is integrable on [0, 1], then the

lebesgue dominated convergence theorem imply that :

|Fuy, (t) — Fu (t)] — 0, as n — oo,
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and hence
lim ||Fu, — Fu| =
n—oo

Consequently, F' is continuous.
Step 2. F transformed 2 by a bounded set of C([0,1],R™),

|Fu(t)] < max{/ (t,s)|f (q"s,u(q™ ))‘}ds

0<t<1

IN

s Pl [ G 0.5) s

x fq(a) B fq(CV + ﬁ)
< g%P@WWW<im+D ”qEW+ﬁ+n>’
consequently,
r T
Pl < () 1P (ﬁ _ nqﬁ%> |

Step 3. F transformed (2 in a set equicontinue of C'([0, 1], RT).
Let f € C(]0,1],R"), 71, 72 € [0,1] with 7; < 75 and u € Q. So we have

1
F) () = F@) ()] < [ Glran)|f (@ a™))]
1
—/GTl, ‘quu )}ds
1o
< /[G(TQ,S)—G T1,8 ‘f(qsu( ))‘ds
0
1 ~
< PWU(ul) [ 16 (ras) = G (ri, o).
0
For 0 < s <71 <719 <1, there exist a constant K > 0 we have :
1 K]

/0 (G (r2,8) — G (1,9))dys < (571 —707Y) [m "M

In the same way, for 0 < 71 < s <79 <lor0<7; <79 <5 <1, we have:

[ 166en) Gl < =) [% %] |
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Then
Fu) () = F@) ()] < [ [6(ras) = Gl (s, (7'5))| s
< POl [ 16(r25) = G (ra. )l

1 K
< POY(u)(rs™t =797 | =—— + — | .
(Oyoub(rs™ =57 [Fq(wl) M]
As 71 — 75 , the right-hand side of the above inequality tends to zeros.
Consequently, by alternative non-linear Leray-Schauder theorem 30. Then F
has a fixed point which is a solution of problem (2.1)-(2.2). =
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2.4 An example

Example 39 Consider the following nonlinear fractional q-symmetric differen-

tial equation

{ (Dgou)(t) + [sin(v2t) + 25| =0, t € (0,1), (2.14)

u(0) =0, u(1) = p(Iu)(n).

Witha:%,ﬁzl,n:%,q:%and

Flg~ot u(g"t) = sin(V21) + %

As sin(y/2t) are continuous positive functions Vt € (0,1) the function f is jointly

continuous. For any u,v € R. Then

2 2

gt ulq™0) = Fa ™t (@ D)| = |sin(v2H) + —— —sin(v20) + ——
2 2
- sin(\/it)‘ ule 1 vl—)I— 1‘
< |u—vl.
So we have
w = La@ 5 Tiatp)
Fy(a+1) Fy(a+8+1)

= 0.535714.

Hence, the condition (2.13) is satisfied with L; = 1.

r r
Liw = L, A _ nq5~q(04—+5)
Ta+1) | Ta+p+l)
= 1x0.535714
< 1.

So by theorem 36 the problem (2.14) has a unique solution in [0, 1].



Chapter 3

Nonlinear g-symmetric fractional

differential equations caputo type

In this chapter, we deal with the following nonlocal ¢-symmetric integral bound-

ary value problem of nonlinear fractional g-symmetric differential equations
(“D2ou)(t) + flgt,u(g™t)) =0, t€ (0,9, (3.1)

u(0) =0, u(1) = p(Igou)(n), (3.2)

where ¢ € (0,1), 1 <a<2,0< <2 0<n<1andp>0isa parameter,
05;0 is the g-symmetric fractional derivative of Caputo type of order o, f :
[0,1] x Rt — R* is continuous.

Based upon a contraction mapping principle, Schauder’s and nonlinear alter-
native Leray—Schauder’s fixed point theorems. We obtain two various results of

the existence and uniqueness about the boundary value problem (3.1)-(3.2).

29
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3.1 Fundamental lemmas
First, we will define the integral solution of the problem (3.1)-(3.2).

Lemma 40 Let y € C[0,1], and

M=1+=L"gBp >0

Ly (8)

Then the unique solution of the boundary value problem
(“D%gu)(t) +y(g~t) =0, te€(0,¢%), l1<a <2, (3.3)

with the boundary condition

w(0) = 0, u(l) = pluln), 0< B <2, 0<n<1, (3.4)
s given by
1
u(t) :/ G(t,s)y(qg 's)d,s, te]0,1], (3.5)
0
such that G is a continous function and G(t,s) >0, (t,s) € [0,1] x [0, 1] where
1
T K (Q+B) a+p
G(t,s)d,s = ————q\ 2 /7] (3.6)
/o T MTy(a+ )

Define the operator F': P — X as follows:

(Fu)(t) = / Gt 5) f(q s ulq™"s))dys. (3.7)

It follows from the non-negativenes and continuity of G and f that the operator
F: P — X satisfies F'(P) C P and is completely continous.
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3.2 Results of existence and uniqueness

Now, we will prove our first existence result for the problem (3.1)-(3.2) which is
based on Banach fixed point theorem.
We impose the following hypotheses :
(Hy) f:]0,1] — R" is a continuous function.
(Hy) For all 1 < a < 2, there exist a constant A > 0 such that :

}f (q_ls,u(q_ls)) —f (q_ls,v(q_ls))} < AMu—v|, Vs €[0,1] and Vu,v € R
(3.8)
(H3) There is a continuous function non-decroissante ¢ : [0;00) — [0;00), and
a function P € C([0,1],R") such that

‘f(q_ls,u(q_lsm < P(t)Y(|u|), for evry s € [0,1], u € R. (3.9)

Theorem 41 Assume the hypotheses (Hy), (Hg) hold. We givel < a <2, 0 <
B <2, 0<n<1 such that

H ({H'ﬁ) a+p
Aot O] <1 3.10
(qu(a +5) ) (3.10)
Then the problem (3.1)-(3.2) admits a unique solution on [0, 1].

Proof. To begin the proof, we will transform the problem (3.1)-(3.2) into a
fixed point problem v = Fu and F'u define by :

Fu(t) = /0 G(t,s) f (g s,u(qg"s)) dys.

Because the problem (3.1)-(3.2) is equivalent to the fractional integral equation
(3.7), the fixed points of F are solutions of the problem (3.1)-(3.2).
Let u,v € C'[0,1], There for all ¢ € [0,1] :

[ G 15 sl — 1 s (a1 ds
[ o1t tsnla ) - £l s (019) s

< i G(t,s)|lu(qg's) —v (g "s)] Jqs,

[Fu(t) — Fu(t)] =

IN
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Then

1
[Fu-Fol, < A=l [ Glds
0

< Au—vl, | gyt
MT (o + B)
< Au—ol|,

This implies that by (3.10), F is a contraction operator.
Using Banach contraction principle, we deduce that F' admits unique fixed point
which is the unique solution of the problem (3.1)-(3.2). m

The next existence result is based on the nonlinear alternative of Leray-
Schauder type.

Theorem 42 Assume the hypotheses (Hy), (H3) hold. We givel < o <2, 0 <
<2 0<n<l1andp>0 such that

p

S NPI (s al o)

>1

Then the problem (3.1)-(3.2) has at least one solution on C|0, 1].

Proof. Let 0 = {u e X : |ul|y < p}.
It is esay that the subset €2, is closed and convex, we new proved that F' satisfed

the conditions of the Leray-Schauder Alternative fixed point theorem 30 with

F:C([0,1],RT) — C([0,1],R")

u— Fu(t) = /0 G(t,s) f (q’ls,u (q’ls)) d,s.

This could be proved through three steps :
Step 1.F is a continuous operator. Let (u,),.y be real sequence such that
lim u,, = v in C[0, 1]. Then for each t € C10, 1].

n—oo

Fun )= Fu®l = [ Ges)|f (s a7'5) = f (a's a7'5))| s
< (s 619) 1 sl [ G

(“37) pats
Lo/ s u “15)) — s u(qgts .
(e W ) £

IN
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For each t € C[0,1], the function s — G(t,s) is integrable on [0, 1], then the

lebesgue dominated convergence theorem imply that :
| Fuy, (t) — Fu (t)] — 0, as n — oo,

and hence
lim [P, = Ful, =

Consequently, F' is continuous.
Step 2. F transformed 2; by a bounded set of C([0, 1], R™),

0<t<1

|Fu(t)] < max{/ (t,s) | f (q"s,u( ))‘}ds

IN

s Pl [ G 0,9) s

max P()3(|u|) (*J“%M) .

IN

0<i<1 MT ,(a + B)

Consequently,

Fu JoIl e — - P
| Full < 9(uw) || H( F o +ﬂ)q 7 )

So F(€;) is bounded and F(Q) C Q.
Step 3. F transformed ; in a set equicontinue of C'([0, 1], RT).
Let f € C([0,1],R"), 71, 72 € [0,1] with 71 < 75 and u € ;. So we have

|F(u) (r2) — F(u) (r1)] < /OlG (r2.9)[f (a's,u (q7's))|
—/OlGﬁ, £ (¢*s,u (g~ )}ds
< [166u8) =G| s las)) ds
< P(t)w(|u\)/01[6’(72,8) = G (71, 5)ldys.

For 0 < s <717 <79 <1, there exist a constant KX > 0 we have :

/0 (G (12,5) — G (71,8)dgs < (T2 —71) [f ;)Mq@ n mq(awnaw
1
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In the same way, for 0 <71 < s <75 <1lor0<7 <79 <s <1, we have:

/0 |G (12,8) — G (11,8)]dgs < (T2 —T1) [f (;1)]\/[(1(3) + mq(a‘gﬁ)nmﬁ
1

Then

[E(u) (T2) = F(u) (11)]

IA

[ 1€ =Gl s s) ds
< Py (ul) / G (12, 5) — G (0, 8)]dos.

e gl
< POU(ul(r2 = 7) [f EITERAS Ty

a+p8

]_ @
—P(ty(ful) (5 —79) [~ q<2>] .
Ly(a)
As 71 — 79, the right-hand side of the above inequality tends to zeroa,by Leray-
Schauder theorem 30. Then F' has a fixed point which is a solution of problem
(3.1)-(3.2). m
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3.3 An example

Example 43 Consider the following nonlinear fractional q-symmetric differen-

tial equation

(3.11)

u(0) =0, w(l) = p(Iyu)(n).

Withaz?,ﬁzl,n:%,q:%,t:%,uzland

{ (Cﬁgou)(t) + %sin%q’%)u(q’%)] =0, te€(0,1),

flg %t u(qg=*t)) = €q3 sin®(q~“t)u(q ).

As sin®(q°t) are continuous positive function ¥t € (0,1), the function f is

jointly continuous. For any u,v € R. Then

_ _ _ _ et et
|Flgtu(g ) — flg *tv(g )| = sin®(q~*t)u — sin(q~*t)v
1 ot 27—«
< 3 e? tsin®(q )| |u — v
< Zju—v
—|lu—wv].
- 3

So we have

~Lq(a‘gﬁ)noﬂrﬁ
MT(a+ )
= 0.0315.

Hence, the condition (3.10) is satisfied with X = 3.
N — )\[Lq(a;‘?)naw]

Mﬁ,(a—kﬁ)
= 0.0105 < 1.

So by theorem 41 the problem (3.1) admits unique solution in [0, 1].



Conclusion

In this memory we have presented the basic notations, definitions and proper-
ties concerning g-symmetric fractional calculus and some results of existence and
uniqueness of solutions to the problem at the limits for g-symmetric fractional
differential equations involving Riemann-Liouville and Caputo ¢-symmetric frac-
tional derivative with boundary and integral conditions.

For our discussion, we have used Schauder, Krasnoselskii, Leray Schauder

Alternative fixed point theorems and the Banach contraction principle.
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